CHAPTER 


Energy 


This chapter takes up the conservation of energy. You will see that the analysis of 
energy conservation is surprisingly more complicated than the corresponding discus¬ 
sions of linear and angular momenta in Chapter 3. The main reason for the difference 
is this: In almost all problems of classical mechanics there is only one kind of linear 
momentum (p = m v for each particle), and one kind of angular momentum (l = rxp 
for each particle). By contrast, energy comes in many different and important forms: 
kinetic, several kinds of potential, thermal, and more. It is the processes that trans¬ 
form energy from one kind to another that complicate the use of energy conservation. 
We shall see that conservation of energy is a quite subtle business, even for a system 
consisting of just a single particle. 

One manifestation of the relative difficulty of the discussion of energy is that we 
shall need some new tools from vector calculus, namely, the concepts of the gradient 
and the curl. I shall introduce these important ideas as we need them. 


4.1 Kinetic Energy and Work 


As I have said, there are many different kinds of energy. Perhaps the most basic is 
kinetic energy (or KE), which for a single particle of mass m traveling with speed v 
is defined to be 


T = ]mv 2 . (4.1) 

Let us imagine the particle moving through space and examine the change in its kinetic 
energy as it moves between two neighboring points and r x + dr on its path as shown 
in Figure 4.1. The time derivative of T is easily evaluated if we note that v 2 = v • v, 
so that 


dT_ 

dt 


d 


— (v • v) = \m(y • v + v • v) = rav • v. 


dt 


(4.2) 
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Figure 4.1 Three points on the path of a particle: 
r l5 F] + dr (with dr infinitesimal) and r 2 . 


By the second law, the factor m\ is equal to the net force F on the particle, so that 


— = Fv. (4.3) 

dt 


If we multiply both sides by dt, then since v dt is the displacement dr we find 


dT = ¥• dr. (4.4) 

The expression on the right, F • dr, is defined to be the work done by the force F in 
the displacement dr. Thus we have proved the Work-KE theorem, that the change 
in the particle’s kinetic energy between two neighboring points on its path is equal to 
the work done by the net force as it moves between the two points. 1 

So far we have proved the Work-KE theorem only for an infinitesimal displace¬ 
ment dr, but it generalizes easily to larger displacements. Consider the two points 
shown as r x and r 2 in Figure 4.1. We can divide the path between these points 1 and 
2 into a large number of very small segments, to each of which we can apply the in¬ 
finitesimal result (4.4). Adding all of these results, we find that the total change in T 
going from 1 to 2 is the sum F • dr of all the infinitesimal works done in all the 
infinitesimal displacements between points 1 and 2: 

Ar = r 2 -r, = J]F-4r. (4.5) 

In the limit that all the displacements dr go to zero, this sum becomes an integral: 

F-dr-> f F -dr. (4.6) 



1 Two points that can be puzzling at first: The work F • dr can be negative, if for example 
F and dr point in opposite directions. While the notion of a force doing negative work conflicts 
with our everyday notion of work, it is perfectly consisent with the physicist’s definition: A force 
in the opposite direction to the displacement reduces the KE, so, by the work-KE theorem, the 
corresponding work has to be negative. Second, if F and dr are perpendicular, then the work F • dr 
is zero. Again this conflicts with our everyday sense of work, but is consistent with the physicist’s 
usage: A force that is perpendicular to the displacement does not change the KE. 
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This integral, called a line integral, 2 is a generalization of the integral f f(x)dx over 
a single variable x, and its definition as the limit of the sum of many small pieces 
is closely analogous. If you feel any doubt about the symbol F • dr on the right 
of (4.6), think of it as being just the sum on the left (with all the displacements 
infinitesimally small). In evaluating a line integral, it is usually possible to convert 
it into an ordinary integral over a single variable, as the following examples show. 
Notice that, as the name implies, the line integral depends (in general) on the path 
that the particle followed from point 1 to point 2. The particular line integral on the 
right of (4.6) is called the work done by the force F moving between points 1 and 2 
along the path concerned. 


example 4.i Three Line Integrals 

Evaluate the line integral for the work done by the two-dimensional force 
F = (y, 2x) going from the origin O to the point P = (1, 1) along each of the 
three paths shown in Figure 4.2. Path a goes from O to Q = (1, 0) along the x 
axis and then from Q straight up to P, path b goes straight from O to P along 
the line y = x, and path c goes round a quarter circle centered on Q. 

The integral along path a is easily evaluated in two parts, if we note that 
on OQ the displacements have the form dr = ( dx , 0), while on gP they are 
dr — (0, dy). Thus 



Figure 4.2 Three different paths, a , b , and c, from the 
origin to the point P = (1, 1). 


2 Not an especially happy name for those of us who think of a line as something straight. However, 
there are curved lines as well as straight lines, and in general a line integral can involve a curved 
line, such as the path shown in Figure 4.1. 
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On the path b, x = y, so that dx = dy , and 




f F • dr = f (F x dx + Fy <Fy) = f (x + 2x)dx = 1.5. 
J b J b JO 


Path c is conveniently expressed parametrically as 

r = (je, y) = (1 — cos 0, sin 0) 

where 6 is the angle between 0 2 and the line from 2 to the point (x, y), with 
0 < 0 < 7t/2. Thus on path c 


and 




n 


dr = (dx, dy) = (sin#, cos#) d# 


= / (E* dx + 




sin 2 # + 2(1 — cos#) cos#j dO = 2 — jt/4 = 1.21. 


Some more examples can be found in Problems 4.2 and 4.3 and, if you have never 
studied line integrals, you may want to try some of these. 

With the notation of the line integral, we can rewrite the result (4.5) as 

/*2 ■ 

AT = T 2 -T l ^ j F^rsf(N2) (4.7) 


where I have introduced the notation W(1 -> 2) for the work done by F moving from 
point 1 to point 2. The result is the Work-KE theorem for arbitrary displacements, 
large or small: The change in a particle’s KE as it moves between points 1 and 2 is 
the work done by the net force. 

It is important to remember that the work that appears on the right of (4.7) is the 
work done by the net force F on the particle. In general, F is the vector sum of various 
separate forces 


F = Fj + • • • + F„ = 

i = 1 

(For example, the net force on a projectile is the sum of two forces, the weight and 
air resistance.) It is a most convenient fact that to evaluate the work done by the net 
force F, we can simply add up the works done by the separate forces F 1? • • •, F n . This 
claim is easily proved as follows: 


W(l^2) = j F-dr = J 


; *dr 


U F, • dr = 


(4.8) 
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The crucial step, from the first line to the second, is justified because the integral of 
a sum of n terms is the same as the sum of the n individual integrals. The Work-KE 
theorem can therefore be rewritten as 

n 

T 2 -T l = ^2 W, (l 2)- (4.9) 

1 = 1 

In practice, one almost always uses the theorem in this way: Calculate the work W t 
done by each of the n separate forces on the particle and then set AT equal to the sum 
of all the W;. 

If the net force on a particle is zero, then the Work-KE theorem tells us that the 
particle’s kinetic energy is constant. This simply says that the speed v is constant, 
which, though true, is not very interesting, since it already follows from Newton’s 
first law. 


4.2 Potential Energy and Conservative Forces 


The next step in the development of the energy formalism is to introduce the notion 
of potential energy (or PE) corresponding to the forces on an object. As you probably 
recall, not every force lends itself to the definition of a corresponding potential energy. 
Those special forces that do have a corresponding potential energy (with the required 
properties) are called conservative forces , and we must discuss the properties that 
distinguish conservative from nonconservative forces. Specifically, we shall find that 
there are two conditions that a force must satisfy to be considered conservative. 

To simplify our discussion, let us assume at first that there is only one force acting 
on the object of interest — the gravitational force on a planet by its sun, or the electric 
force q'E on a charge in an electric field (with no other forces present). The force F may 
depend on many different variables: It may depend on the object’s position r. (The 
farther the planet is from the sun, the weaker the gravitational pull.) It may depend 
on the object’s velocity, as is the case with air resistance; and it may depend on the 
time t , as would be the case for a charge in a time-varying electric field. Finally, if the 
force is exerted by humans, it will depend on a host of imponderables — how tired 
they are feeling, how conveniently they are situated to push, and so on. 

The first condition for a force F to be conservative is that F depends only on the 
position r of the object on which it acts; it must not depend on the velocity, the time, or 
any variables other than r. This sounds, and is, quite restrictive, but there are plenty of 
forces that have this property: The gravitational force of the sun on a planet (position 
r relative to the sun) can be written as 


F(r) = 


GmM „ 
—-—r 


which evidently depends only on the variable r. (The parameters G, m, M are constant 
for a given planet and given sun.) Similarly, the electrostatic force F(r) = q E(r) on a 
charge q by a static electric field E(r) has this property. Forces that do not satisfy this 
condition include the force of air resistance (which depends on the velocity), friction 
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Figure 4.3 Three different paths, a, b , and c , joining the 
same two points 1 and 2. 


(which depends on the direction of motion), the magnetic force (which depends on 
the velocity), and the force of a time-varying electric field E(r, t) (which obviously 
depends on time). 

The second condition that a force must satisfy to be called conservative concerns 
the work done by the force as the object on which it acts moves between two points 
r { and r 2 (or just 1 and 2 for short), 

W(l—> 2) = j F-dr. (4.10) 

Figure 4.3 shows two points, 1 and 2, and three different paths connecting them. It is 
entirely possible that the work done between points 1 and 2, as defined by the integral 
(4.10), has different values depending on which of the three paths, a, b , or c, the 
particle happens to follow. For example, consider the force of sliding friction as I 
push a heavy crate across the floor. This force has a constant magnitude, F fric say, and 
is always opposite to the direction of motion. Thus the work done by friction as the 
crate moves from 1 to 2 is given by (4.10) to be 

Wfried -► 2) = -FfifcL, 

where L denotes the length of the path followed. The three paths of Figure 4.3 have 
different lengths, and W fvic ( 1 -* 2) will have a different value for each of the three 
paths. 

On the other hand, there are forces with the property that the work W( 1 -> 2) is 
the same for any path connecting the same two points 1 and 2. An example of a force 
with this property is the gravitational force, F grav = mg, of the earth on an object close 
to the earth’s surface. It is easy to show (Problem 4.5) that, because g is a constant 
vector pointing vertically down, the work done in this case is 


W gmv (l-> 2) =-mgh, (4.11) 

where h is just the vertical height gained between points 1 and 2. This work is the 
same for any two paths between the given points 1 and 2. This property, the path 
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independence of the work it does, is the second condition that a force must satisfy to 
be considered conservative, and we are now ready to state the two conditions: 


Conditions for a Force to be Conservative 

A force F acting on a particle is conservative if and only if it satisfies two 
conditions: 

(i) F depends only on the particle’s position r (and not on the velocity v, or 
the time u or any other variable); that is, F« F(r). 

(ii) For any two points 1 and 2, the work W( I 2) done by F is the same 
for all paths between i 1 and 2, 


The reason for the name “conservative” and for the importance of the concept is 
this: If all forces on an object are conservative, we can define a quantity called the 
potential energy (or just PE), denoted U( r), a function only of position, with the 
property that the total mechanical energy 

E = KE + PE = T + U{ r) (4.12) 

is constant; that is, E is conserved. 

To define the potential energy U (r) corresponding to a given conservative force, 
we first choose a reference point r G at which U is defined to be zero. (For example, 
in the case of gravity near the earth’s surface, we often define U to be zero at ground 
level.) We then define U (r), the potential energy at an arbitrary point r, to be 3 


U (r) (r 0 — > r) 


F< r'Mr'. 


:4J3) 


In words, U (r) is minus the work done by F if the particle moves from the reference 
point r G to the point of interest r, as in Figure 4.4. (We shall see the reason for the 
minus sign shortly.) Notice that the definition (4.13) only makes sense because of the 
property (ii) of conservative forces. If the work integral in (4.13) were different for 
different paths, then (4.13) would not define a unique function 4 U (r). 


3 Notice that I have called the variable of integration r' to avoid confusion with the upper limit r. 

4 The definition (4.13) also depends on property (i) of conservative forces, but in a slightly subtler 
way. If F depended on another variable besides r (for instance, t or v), then the right side of (4.13) 
would depend on when or how the particle moved from r D to r, and again there would be no uniquely 
defined U{ r). 
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Figure 4.4 The potential energy U (r) at any point r is de¬ 
fined as minus the work done by F if the particle moves from 
the reference point r 0 to r. This gives a well-defined function 
U (r) only if this work is independent of the path followed — 
that is, the force is conservative. 






example 4.2 Potential Energy of a Charge in a Uniform Electric Field 

A charge q is placed in a uniform electric field pointing in the x direction with 
strength E Q9 so that the force on q is F = gE = qE 0 x. Show that this force is 
conservative and find the corresponding potential energy. 

The work done by F going between any two points 1 and 2 along any path is 


W( 1 


/ 2 /»2 /»2 

F •dr = qE 0 j x»dr = qE 0 J dx=qE 0 (x 2 — x i). (4.14) 


This depends only on the two end points 1 and 2. (In fact it depends only on their 
x coordinates x x and x 2 .) Certainly, it is independent of the path, and the force is 
conservative. To define the corresponding potential energy U (r), we must first 
pick a reference point r 0 at which U will be zero. A natural choice is the origin, 
r 0 = 0, in which case the potential energy is U (r) = — W (0 -> r) or, according 
to (4.14), 

U (r) = ~qE 0 x. 


We can now derive a crucial expression for the work done by F in terms of the 
potential energy U (r). Let and r 2 be any two points as in Figure 4.5. If r Q is the 
reference point at which U is zero, then it is clear from Figure 4.5 that 

W( r 0 -> r 2 ) = W( r 0 -> + W(r x r 2 ) 


and hence 


W(t x -* r 2 ) = W(r Q -> r 2 ) - W(r 0 r^. (4.15) 

Each of the two terms on the right is (minus) the potential energy at the corresponding 
point. Thus we have proved that the work on the left is just the difference of these two 
potential energies: 


W( ri -* r 2 ) = — [£/(r 2 ) - U(r x )] = - At/. 


(4.16) 
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Figure 4.5 The work W (i^ -> r 2 ) going from r l to r 2 is the 
same as W (r G -> r 2 ) minus W (r 0 -* i^). This result is inde¬ 
pendent of what path we use for either limb of the journey, 
provided the force concerned is conservative. 


The usefulness of this result emerges when we combine it with the Work-KE 
theorem (4.7): 


AT = W(r l -+ r 2 ). (4.17) 

Comparing this with (4.16), we see that 

AT — —AU (4.18) 

or, moving the right side across to the left, 5 

A (7 + 10 = 0. (4.19) 

That is, the mechanical energy 

E = T + U (4.20) 

does not change as the particle moves from to r 2 . Since the points r x and r 2 were any 
two points on the particle’s trajectory, we have the important conclusion: If the force 
on a particle is conservative, then the particle’s mechanical energy never changes; 
that is, the particle’s energy is conserved, which explains the use of the adjective 
“conservative.” 


Several Forces 

So far we have established the conservation of energy for a particle subject to a single 
conservative force. If the particle is subject to several forces, all of them conservative, 
our result generalizes easily. For instance, imagine a mass suspended from the ceiling 
by a spring. This mass is subject to two forces, the forces of gravity (F grav ) and the 
spring (F spr ). The force of gravity is certainly conservative (as I’ve already argued), 
and, provided the spring obeys Hooke’s law, F spr is likewise (see Problem 4.42). We 


5 We now see the reason for the minus sign in the definition of U. It gives the minus sign on the 
right of (4.18), which in turn gives the desired plus sign on the left of (4.19). 
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can define separate potential energies for each force, £/ grav for F grav and f/ spr for F spr , 
each with the crucial property (4.16) that the change in U gives (minus) the work done 
by the corresponding force. According to the Work-KE theorem, the change in the 
mass’s kinetic energy is 

A T = W grav + W spr 

= - (Af/ gr av + A U spr ) , (4.21) 

where the second line follows from the properties of the two separate potential 
energies. Rearranging this equation, we see that A (T + f/ grav + f/ spr ) = 0. That is, 
the total mechanical energy, defined as E = T + £/ grav + t/ spr , is conserved. 

The argument just given extends immediately to the case of n forces on a particle, 
so long as they are all conservative. If for each force F, we define a corresponding 
potential energy U h then we have the 


Prirsciptr^ 

If all of the ^ forces F; (i = 1, * * -,») acting on a particle arc conservative, each 
with its corresponding potential energy U^r), the total mechanical energy, 
de fi ned as 

E sT+l mT + U x ( r) + • • * + U n ( r), (4.22) 

is constant in time. 


Nonconservative Forces 

If some of the forces on our particle are nonconservative, then we cannot define corre¬ 
sponding potential energies; nor can we define a conserved mechanical energy. Nev¬ 
ertheless, we can define potential energies for all of the forces that are conservative, 
and then recast the Work-KE theorem in a form that shows how the nonconservative 
forces change the particle’s mechanical energy. First, we divide the net force on the 
particle into two parts, the conservative part F cons and the nonconservative part F nc . 
For F cons we can define a potential energy, which we’ll call just U . By the Work-KE 
theorem, the change in kinetic energy between any two times is 

AT = W = W cons + W nc . (4.23) 

The first term on the right is just — A U and can be moved to the left side to give 
A (T + U) = W nc . If we define the mechanical energy as E = T + U, then we see 
that 


A E = A (T + U) = W nc . (4.24) 

Mechanical energy is no longer conserved, but we have the next best thing. The 
mechanical energy changes to precisely the extent that the nonconservative forces 
do work on our particle. In many problems the only nonconservative force is the force 
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of sliding friction, which usually does negative work. (The frictional force f is in 
the direction opposite to the motion, so the work f • dr is negative.) In this case W nc 
is negative and (4.24) tells us that the object loses mechanical energy in the amount 
“stolen” by friction. All of these ideas are illustrated by the following simple example. 


example 4.3 Block Sliding Down an Incline 

Consider again the block of Example 1.1 and find its speed v when it reaches 
the bottom of the slope, a distance d from its starting point. 

The setup and the forces on the block are shown in Figure 4.6. The three 
forces on the block are its weight, w = mg, the normal force of the incline, 

N, and the frictional force f, whose magnitude we found in Example 1.1 to be 
/ = /wig cos 0 . The weight mg is conservative, and the corresponding potential 
energy is (as you certainly recall from introductory physics, but see Problem 4.5) | 

U = mgy | 

I 

where y is the block’s vertical height above the bottom of the slope (if we 
choose the zero of PE at the bottom). The normal force does no work, since it is 
perpendicular to the direction of motion, so will not contribute to the energy 
balance. The frictional force does work W fric = —fd = —fimgd cos#. The 
change in kinetic energy is AT — T f — = ^mv 2 and the change in potential 

energy is A U = U f — = —mgh = —mgd sin 0. Thus (4.24) reads 

AT + AU = W fric | 

I 

or 1 

i 

jmi; 2 — mgd sin 0 = — fimgd cos 0. 

Solving for v we find | 

| 

v = y/2gd(sm6 — ii cos 9). 



Figure 4.6 A block on an incline of angle 0. The length 
of the slope is d , and the height is h = d sin 6. 
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1 As usual, you should check that this answer agrees with common sense. For 
example, does it give the expected answer when 0 = 90°? What about 0 — 0? 
| (The case 0 — 0 is a bit subtler.) 


4.3 Force as the Gradient of Potential Energy 


We have seen that the potential energy U(r) corresponding to a force F(r) can be 
expressed as an integral of F(r) as in (4.13). This suggests that we should be able to 
write F(r) as some kind of derivative of U( r). This suggestion proves correct, though 
to implement it we shall need some mathematics that you may not have met before. 
Specifically, since F(r) is a vector [while U (r) is a scalar] we shall be involved in 
some vector calculus. 

Let us consider a particle acted on by a conservative force F (r) , with corresponding 
potential energy U (r), and examine the work done by F(r) in a small displacement 
from r to r + dr. We can evaluate this work in two ways. On the one hand, it is, by 
definition, 


W (r -> r+dr) — F(r) • dr 

= F x dx + F y dy + F z dz , (4.25) 

for any small displacement dr with components ( dx , dy , dz). 

On the other hand, we have seen that the work W(r r+dr) is the same as 
(minus) the change in PE in the displacement: 

W{ r -> r+dr) = —dU = —[U (r + dr) — U (r)] 

= —[U (x + dx , y + dy , z + dz) — U ( x , y, z)]. (4.26) 

In the second line, I have replaced the position vector r by its components to emphasize 
that U is really a function of the three variables (x, y, z). Now, for functions of one 
variable, a difference like that in (4.26) can be expressed in terms of the derivative: 


df = f(x + dx) — f(x) = —dx. (4.27) 

dx 

This is really no more than the definition of the derivative. 6 For a function of three 
variables, such as U(x, y, z), the corresponding result is 

dU = U(x + dx , y + dy, z + dz) — U(x, y, z) 


dU J dU J dU J 
dx + -—dy H- dz 


dx 


dy 


dz 


(4.28) 


where the three derivatives are the partial derivatives with respect to the three in¬ 
dependent variables (x, y, z). [For example, dU /dx is the rate of change of U as x 


6 Strictly speaking, this equation is exact only in the limit that dx —> 0. As usual, I take the view 
that dx is small enough (though nonzero) that the two sides are equal within our chosen accuracy 
target. 
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changes, with y and z fixed, and is found by differentiating U(x, y, z) with respect 
to x treating y and z as constants. See Problems 4.10 and 4.11 for some examples.] 
Substituting (4.28) into (4.26), we find that the work done in the small displacement 
from r to r + dr is 


W (r r+dr) = 


du , au , au ' 

ax -f -—ay H-dz 


dx 


dy 


dz 


(4.29) 


The two expressions (4.25) and (4.29) are both valid for any small displacement dr. 
In particular, we can choose dr to point in the x direction, in which case dy = dz = 0 
and the last two terms in both (4.25) and (4.29) are zero. Equating the remaining terms, 
we see that F x = —dU / dx . By choosing dr to point in the y or z directions, we get 
corresponding results for F y and F z , and we conclude that 





(4.30) 


That is, F is the vector whose three components are minus the three partial derivatives 
of U with respect to x,y, and z. A slightly more compact way to write this result is 
this: 


F= —x 


au 

dx 


.du „du 

y-z— 


dy 


dz 


(4.31) 


Relationships like (4.31) between a vector (F) and a scalar ( U ) come up over and 
over again in physics. For example, the electric field E is related to the electrostatic 
potential V in exactly the same way. More generally, given any scalar /(r), the vector 
whose three components are the partial derivatives of /( r) is called the gradient of 
/, denoted V/: 

V/ = x^+y^ + z^. (4.32) 

dx dy dz 


The symbol V/ is pronounced “grad /.” The symbol V by itself is called “grad,” or 
“del,” or “nabla.” With this notation, (4.31) is abbreviated to 



This important relation gives us the force F in terms of derivatives of U, just as the 
definition (4.13) gave U as an integral of F. When a force F can be expressed in the 
form (4.33), we say that F is derivable from a potential energy. Thus, we have shown 
that any conservative force is derivable from a potential energy. 7 


7 1 am following standard terminology here. Notice that we have defined “conservative” so that 
a conservative force conserves energy and is derivable from a potential energy. This is occasionally 
confusing, since there are forces (such as the magnetic force on a charge or the normal force on a 
sliding object) that do no work and hence conserve energy, but are not “conservative” in the sense 
defined here, since they are not derivable from a potential energy. This unfortunate confusion seldom 
causes trouble, but you may want to register it somewhere in the back of your mind. 
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example 4.4 Finding F from U 

The potential energy of a certain particle is U — Axy 2 + B sin Cz, where A , B 
and C are constants. What is the corresponding force? 

To find F we have only to evaluate the three partial derivatives in (4.31). 
In doing this, you must remember that dU/dx is found by differentiating with 
respect to x, treating y and z as constant, and so on. Thus dU/dx = Ay 2 , and 
so on, and the final result is 


F = — (x Ay 2 + y 2 Axy + z BC cos Cz). 



It is sometimes convenient to remove the / from (4.32) and to write 

V = x— + y— + z— . (4.34) 

dx 3 y 3z 

In this view, V is a vector differential operator that can be applied to any scalar / and 
produces the vector given in (4.32). 

A very useful application of the gradient is given by (4.28), whose right-hand side 
you will recognize as VC • dr. Thus, if we replace U by an arbitrary scalar /, we see 
that the change in / resulting from a small displacement dr is just 



This useful relation is the three-dimensional analog of Equation (4.27) for a function 
of one variable. It shows the sense in which the gradient is the three-dimensional 
equivalent of the ordinary derivative in one dimension. 

If you have never met the V notation before, it will take a little getting used 
to. Meanwhile, you can just think of (4.33) as a convenient shorthand for the three 
equations (4.30). For practice using the gradient, you could look at Problems 4.12 
through 4.19. 


4.4 The Second Condition that F be Conservative 


We have seen that one of the two conditions that a force F be conservative is that 
the work f~F • dr which it does moving between any two points 1 and 2 must be 
independent of the path followed. You are certainly to be excused if you don’t see 
how we could test whether a given force has this property. Checking the value of 
the integral for every pair of points and every path joining those points is indeed a 
formidable prospect! Fortunately, we never need to do this. There is a simple test, 
which can be quickly applied to any force that is given in analytic form. This test 
involves another of the basic concepts of vector calculus, this time the so-called curl 
of a vector. 
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It can be shown (though I shall not do so here 8 ) that a force F has the desired 
property, that the work it does is independent of path, if and only if 

V x F = 0 (4.36) 


everywhere. The quantity V x F is called the curl of F, or just “curl F,” or “del cross 
F.” It is defined by taking the cross product of V and F just as if the components 
of V, namely (9/9*, 9/9y, 9/9z), were ordinary numbers. To see what this means, 
consider first the cross product of two ordinary vectors A and B. In the table below, I 
have listed the components of A, B, and A x B: 


vector * component y component z component 

A A r A v A 7 

B B x B y B z 

A x B A y B z - A z B y A Z B X - A X B Z A x B y - A y B x 


(4.37) 


The components of V x F are found in exactly the same way, except that the entries 
in the first row are differential operators. Thus, 

vector x component y component z component 


V 

F 

V x F 


d/dx 

F x 

3 jy _ 3 p 

3 y z 3 z r y 


3/3 y 

p y 

3 77 _3_ 77 

dz r * 8x r z 


d/dz 

F z 

3 77 _ d _ 77 

dx r y dy x 


(4.38) 


No one would claim that (4.36) is obviously equivalent to the condition that 

2 

F • dr is path-independent, but it is, and it provides an easily applied test for the 
path-independence property, as the following example shows. 


example 4.5 Is the Coulomb Force Conservative? 

Consider the force F on a charge q due to a fixed charge Q at the origin. Show 
that it is conservative and find the corresponding potential energy U. Check that 
—Vt/ = F. 

The force in question is the Coulomb force, as shown in Figure 4.7(a), 




(4.39) 


where k denotes the Coulomb force constant, often written as l/(47rE 0 ), and y 
is just an abbreviation for the constant kqQ. From the last expression we can 
read off the components of F, and using (4.38) we can calculate the components 
of V x F. For example, the x component is 


(V x F), = 


± F _ = A 

dy dz y dy 



f 0?) 

dz \ 7° / 


(4.40) 


8 The condition (4.36) follows from a result called Stokes’s theorem. If you would like to explore 
this a little, see Problem 4.25. For more details, see any text on vector calculus or mathematical 
methods. I particularly like Mathematical Methods in the Physical Sciences by Mary Boas (Wiley, 
1983), p. 260. 
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Figure 4.7 (a) The Coulomb force F = yr/r 2 of the fixed 

charge Q on the charge q. (b) The work done by F as q 
moves from r 0 to r can be evaluated following a path that 
goes radially outward to P and then around a circle to r. 


The two derivatives here are easily evaluated: First, since dz/dy = dy/dz = 0, 
we can rewrite (4.40) as 


(V x F), = yz 




Next recall that 


(4.41) 


i 

| 


r — (x 2 + y 2 + z 2 ) l/2 , 


so that, for example, 

| 

I dr y 

_ _ ^ 

1 3 y r 


(4.42) 


(Check this one using the chain rule.) We can now evaluate the two remaining 
derivatives in (4.41) to give (remember the chain rule again) 


(V x F)* = yz 





-0. 


The other two components work in exactly the same way (check it, if you don’t 
believe me), and we conclude that V x F = 0. According to the result (4.36), 
this guarantees that F satisfies the second condition to be conservative. Since 
it certainly satisfies the first condition (it depends only on the variable r), we 
have proved that F is conservative. (The proof that V x F = 0 is considerably 
quicker in spherical polar coordinates. See Problem 4.22.) 

The potential energy is defined by the work integral (4.13), 

U(r) = — f F(r') •dr' (4.43) 

I Jro 


where r 0 is the (as yet unspecified) reference point where U{ r 0 ) = 0. Fortu¬ 
nately, we know that this integral is independent of path, so we can choose 
whatever path is most convenient. One possibility is shown in Figure 4.7(b), 
where I have chosen a path that goes radially outward to the point labeled P 
1 and then around a circle (centered on Q) to r. On the first segment, F(r') and 
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dr' are collinear, and F(r') • dr’ — (y/r a )dr'. On the second, F(r') and dr f are 
perpendicular, so no work is done along this segment, and the total work is just 
that of the first segment, 


U( r ) — ~ f dr = — ' 

Jr, r r r r 


(4.44) 


Finally, it is usual in this problem to choose the reference point r 0 at infinity, so 
that the second term here is zero. With this choice (and replacing y by kq Q) we 
arrive at the well-known formula for the potential energy of the charge q due 
to Q, 


U( r) = U(r) = 


kqQ 


(4.45) 


Notice that the answer depends only on the magnitude r of the position vector 
r and not on the direction. 

To check WU let us evaluate the x component: 


(Til), = ±( l sS\ = -*« 2 . t. 

dx \ r J r 2 dx 


(4.46) 


where the last expression follows from the chain rule. The derivative dr/dx is 
x/r [compare Equation (4.42)], so 

0 VU) x = -kqQ- = -F x , 

T* 

as given by (4.39). The other two components work in exactly the same way, 
and we have shown that 


\U = -F 


(4.47) 


as required. 


> i *«*.; a *v - ; 


4.5 Time-Dependent Potential Energy 


We sometimes have occasion to study a force F(r,t) that satisfies the second condition 
to be conservative (V x F = 0), but, because it is time-dependent , does not satisfy 
the first condition. In this case, we can still define a potential energy U (r, t ) with 
the property that F = — Vt/, but it is no longer the case that total mechanical energy, 
E = T + U, is conserved. Before I justify these claims, let me give an example of this 
situation. Figure 4.8 shows a small charge q in the vicinity of a charged conducting 
sphere (for example, a Van de Graaff generator) with a charge Q(t ) that is slowly 
leaking away through the moist air to ground. Because Q(t ) changes with time, the 
force that it exerts on the small charge q is explicitly time-dependent. Nevertheless, 
the spatial dependence of the force is the same as for the time-independent Coulomb 
force of Example 4.5 (page 119). Exactly the same analysis as in that example shows 
that V x F = 0. 
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Figure 4.8 The charge Q(t) on the conducting sphere is 
slowly leaking away, so the force on the small charge q 
varies with time, even if its position r is constant. 


Let me now justify the claims made above. First, since V xF(r, 0 = 0, the same 
mathematical theorem quoted in connection with Equation (4.36) guarantees that the 
work integral f { F(r, t) »dr (evaluated at any one time t) is path independent. This 
means we can define a function U (r, t ) by an integral exactly analogous to (4.13), 

U(r,t) = - [ T F(r\t)-dr\ (4.48) 

and, for the same reasons as before, F(r+) = — V£/( r, t ). (See Problem 4.27.) In this 
case, we can say the force F is derivable from the time-dependent potential energy 
U (r, t). 

So far everything has gone through just as before, but now the story changes. We 
can define the mechanical energy as E = T + U, but it is no longer true that E is 
conserved. If you review carefully the argument leading to Equation (4.19), you may 
be able to see what goes wrong, but we can in any case show directly that E = T + U 
changes as the particle moves on its path. As before, consider any two neighboring 
points on the particle’s path at times t and t + dt. Exactly as in (4.4), the change in 
kinetic energy is 


dT 

dT = —dt = (rav • \)dt = F • dr. 
dt 


(4.49) 


Meanwhile, U (r, t) = U(.x , y, z, t) is a function of four variables (x, y 9 z, t ) and 


JTT dU , dU J dU J dU _ 

du = - dx -|- dy -\ - dz -f - dt. 

dx dy dz dt 


(4.50) 


You will recognize the first three terms on the right as V t/ • dr = — F • dr. Thus 


dU = -F-dr + — dt. 

9 1 


(4.51) 


When we add this to Equation (4.49) the first two terms cancel, and we are left with 


d(T + U) = —dt. (4.52) 

dt 

Clearly it is only when U is independent of t (that is, dU/dt — 0) that the mechanical 
energy E — T + U is conserved. 
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Returning to the example of Figure 4.8, we can understand this conclusion and 
see what has happened to conservation of energy. Imagine that I hold the charge q 
stationary at the position of Figure 4.8, while the charge on the sphere leaks away. 
Under these conditions, the KE of q doesn’t change, but the potential energy kqQ(t)/r 
slowly diminishes to zero. Clearly T + U is not constant. However, while mechanical 
energy is not conserved, total energy is conserved: The loss of mechanical energy 
is exactly balanced by the gain of thermal energy as the discharge current heats up 
the surrounding air. This example suggests, what is true, that the potential energy 
depends explicitly on time in precisely those situations where mechanical energy gets 
transformed to some other form of energy or to mechanical energy of other bodies 
external to the system of interest. 


4.6 Energy for Linear One-Dimensional Systems 


So far we have discussed the energy of a particle that is free to move in all three 
dimensions. Many interesting problems involve an object that is constrained to move 
in just one dimension, and the analysis of such problems is remarkably simpler than 
the general case. Oddly enough, there is some ambiguity in what a physicist means 
by a “one-dimensional system.” Many introductory physics texts start out discussing 
the motion of a one-dimensional system, by which they mean an object (a railroad 
car, for instance) that is confined to move on a perfectly straight, or linear, track. 
In discussing such linear systems, we naturally take the x axis to coincide with the 
track, and the position of the object is then specified by the single coordinate x. In 
this section I shall focus on linear one-dimensional systems. However, there are much 
more complicated systems, such as a roller coaster on its curving track, that are also 
one-dimensional, inasmuch as their position can be specified by a single parameter 
(such as the distance of the roller coaster along its track). As I shall discuss in the next 
section, energy conservation for such curvilinear one-dimensional systems is just as 
straightforward as for a perfectly straight track. 

To begin, let us consider an object constrained to move along a perfectly straight 
track, which we take to be the x axis. The only component of any force F that can 
do work is the x component, and we can simply ignore the other two components. 
Therefore the work done by F is the one-dimensional integral 

r* 2 

W(x l -^x 2 ) = / F x (x) dx. (4.53) 

J X\ 

If the force is to be conservative, F x must satisfy the two usual conditions: (i) It must 
depend only on the position x [as I have already implied in writing the integral (4.53)]. 
(ii) The work (4.53) must be independent of path. The remarkable feature of one¬ 
dimensional systems is that the first condition already guarantees the second, so the 
latter is superfluous. To understand this property, you have only to recognize that 
in one dimension there is only a small choice of paths connecting any two points. 
Consider, for example, the two points A and B shown in Figure 4.9. The obvious path 
between points A and B is the path that goes from A directly to B (let’s call this path 
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A - C 

Figure 4.9 The path called ABCB goes from A past B 
and on to C, then back to B. 


“ AB ”). Another possibility, shown in the figure, is to go from A past B to C and then 
back to B (let’s call this one “ABCB”). The work done along this path can be broken 
up as follows: 


W(ABCB) = W(AB) + W(BC) + W(CB). 

Now, provided the force depends only on the position x [condition (i)] each 
increment of work going from B to C is exactly equal (but of opposite sign) to the 
corresponding contribution going from C to B. That is, the last two terms on the right 
cancel, and we conclude that 


W(ABCB) = W(AB ), 

as required. One can of course concoct a path from A to B that doubles back and 
forth many times, but a little thought should convince you that any such path can be 
broken into a number of segments some of which together traverse the direct path AB 
exactly once, and all the rest of which cancel in pairs. Thus the work done on any 
path between A and B is the same as that on the direct path AB , and we have proved 
that in one dimension the first condition for a force to be conservative guarantees the 
second. 


Graphs of the Potential Energy 

A second useful feature of one-dimensional systems is that with only one independent 
variable (x) we can plot the potential energy U (x), and, as we shall see, this makes 
it easy to visualize the behavior of the system. Assuming all forces on the object are 
conservative, we define the potential energy as 

U(x) = — ( F x (x')dx' (4.54) 

Jx 0 

where F x is the x component of the net force on the particle. For example, for a mass 
on the end of a spring obeying Hooke’s law, the force is F x = —kx, and, if we choose 
the reference point x 0 = 0, Equation (4.54) gives the celebrated result 

U = \kx 2 


for any spring obeying Hooke’s law. 

Corresponding to the three-dimensional result F = —VC/, we have the simpler 
result in one dimension 


dx 


(4.55) 
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Figure 4.10 The graph of potential energy U (x) against 
x for any one-dimensional system can be thought of as a 
picture of a roller coaster track. The force F x = —d U/dx 
tends to push the object “downhill” as at x x and x 2 . At the 
points x 3 and x 4 , where U(x) is minimum or maximum, 
dU/dx = 0 and the force is zero; such points are therefore 
points of equilibrium. 


If we plot the potential energy against x as in Figure 4.10, we can easily see qualita¬ 
tively how the object has to behave. The direction of the net force is given by (4.55) as 
“downhill” on the graph of U (x) — to the left at x x and to the right at x 2 . It follows that 
the object always accelerates in the “downhill” direction — a property that reminds 
one of the motion of a roller coaster, which also always accelerates downhill. This 
analogy is not an accident: For a roller coaster, U(x) is mgh (where h is the height 
above ground) and the graph of U(x) against x has the same shape as a graph of h 
against x, which is just a picture of the track. For any one-dimensional system, we 
can always think about the graph of U(x) as a picture of a roller coaster, and common 
sense will generally tell us the kind of motion that is possible at different places, as I 
now describe. 

At points, such as x 3 and jc 4 , where dU/dx = 0 and U (x) is minimum or maximum, 
the net force is zero, and the object can remain in equilibrium. That is, the condition 
dU/dx — 0 characterizes points of equilibrium. At x 3 , where d 2 U/dx 1 > 0 and U (x) 
is minimum, a small displacement from equilibrium causes a force which pushes the 
object back to equilibrium (back to the left on the right of x 3 , back to the right on the left 
of x 3 ). In other words, equilibrium points where d 2 U/dx 2 > 0 and U (x) is minimum 
are points of stable equilibrium. At equilibrium points like x 4 where d 2 U/dx 2 < 0 
and U (x) is maximum, a small displacement leads to a force away from equilibrium, 
and the equilibrium is unstable. 

If the object is moving then its kinetic energy is positive and its total energy is 
necessarily greater than U(x). For example, suppose the object is moving some¬ 
where near the equilibrium point x — b in Figure 4.11. Its total energy has to be 
greater than U ( b ) and could, for example, equal the value shown as E in that fig¬ 
ure. If the object happens to be on the right of b and moving toward the right, its 
PE will increase and its KE must therefore decrease until the object reaches the 
turning point labeled c, where U(c) = E and the KE is zero. At x — c the object 
stops and, with the force back to the left, it accelerates back toward x — b. It can¬ 
not now stop until once again the KE is zero, and this occurs at the turning point 
a, where U(a) = E and the object accelerates back to the right. Since the whole 
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Figure 4.11 If an object starts out near x — b with the 
energy E shown, it is trapped in the valley or “well” 
between the two hills and oscillates between the turning 
points at x = a and c where U(x) = E and the kinetic 
energy is zero. 


cycle now repeats itself, we see that if the object starts out between two hills and 
its energy is lower than the crest of both hills, then the object is trapped in the 
valley or “well” and oscillates indefinitely between the two turning points where 
U(x) = E. 

Suppose the cart again starts out between the two hills but with energy higher than 
the crest of the right hill though still lower than the left. In this case, it will escape 
to the right since E > U(x) everywhere on the right, and it can never stop once it is 
moving in that direction. Finally, if the energy is higher than both hills, the cart can 
escape in either direction. 

These considerations play an important role in many fields. An example from 
molecular physics is illustrated in Figure 4.12, which shows the potential energy of a 
typical diatomic molecule, such as HC1, as a function of the distance between the two 
atoms. This potential energy function governs the radial motion of the hydrogen atom 
(in the case of HC1) as it vibrates in and out from the much heavier chlorine atom. 
The zero of energy has been chosen where the two atoms are far apart (at infinity) 
and at rest. Notice that the independent variable is the interatomic distance r which, 
by its definition, is always positive, 0 < r < oo. As r —► 0, the potential energy gets 
very large, indicating that the two atoms repel one another when very close together 
(because of the Coulomb repulsion of the nuclei). If the energy is positive (E > 0) 
the H atom can escape to infinity, since there is no “hill” to trap it; the H atom can 
come in from infinity, but it will stop at the turning point r = a and (in the absence of 
any mechanism to take up some of its energy) it will move away to infinity again. On 
the other hand, if E < 0, the H atom is trapped and will oscillate in and out between 
the two turning points shown at r = b and r = d. The equilibrium separation of the 
molecule is at the point shown as r = c. It is the states with E < 0 that correspond to 
what we normally regard as the HC1 molecule. To form such a molecule, two separate 
atoms (with E > 0) must come together to a separation somewhere near r = c, and 
some process, such as emission of light, must remove enough energy to leave the two 
atoms trapped with E < 0. 
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Figure 4.12 The potential energy for a typical diatomic 
molecule such as HC1, plotted as a function of the distance 
r between the two atoms. If E > 0, the two atoms cannot 
approach closer than the turning point r = a, but they can 
move apart to infinity. If E < 0, they are trapped between the 
turning points at b and d and form a bound molecule. The 
equilibrium separation is r = c. 


Complete Solution of the Motion 

A third remarkable feature of one-dimensional conservative systems is that we can — 
at least in principle — use the conservation of energy to obtain a complete solution of 
the motion, that is, to find the position x as a function of time t. Since E — T + U(x) 
is conserved, with U(x) a known function (in the context of a given problem) and E 
determined by the initial conditions, we can solve for T — \mx 2 = E — U(x) and 
hence for the velocity x as a function of jc : 


x(x) 


±J-jE - U(x). 

V m 


(4.56) 


(Notice that there is an ambiguity in the sign since energy considerations cannot 
determine the direction of the velocity. For this reason, the method described here 
usually does not work in a truly three-dimensional problem. In one dimension, you 
can almost always decide the sign of x by inspection, though you must remember to 
do so.) 

Knowing the velocity as a function of x, we can now find x as a function of t, 
using separation of variables, as follows: We first rewrite the definition x = dx/dt as 


dt = 


dx 



[Since x = i(jc), this separates the variables t and x.] Next, we can integrate between 
any initial and final points to give 


k 




(4.57) 
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This gives the time for travel between any initial and final positions of interest. If we 
substitute for x from (4.56) (and assume, to be definite, that x is positive) then the 
time to go from the initial x 0 at time 0 to an arbitrary x at time t is 

(As usual, I’ve renamed the variable of integration as x’ to avoid confusion with 
the upper limit x.) The integral (4.58) depends on the particular form of U(x) in 
the problem at hand. Assuming we can do the integral [and we can at least do it 
numerically for any given t/(x)], it gives us t as a function of x. Finally we can solve 
to give x as a function of t , and our solution is complete, as the following simple 
example illustrates. 


dx' 

x(x ; ) 


fii 


dx' 


y/E~U{X T 


(4.58) 


j example 4.6 Free Fall 

I drop a stone from the top of a tower at time t — 0. Use conservation of energy 
to find the stone’s position x (measured down from the top of the tower, where 

if 

x = 0) as a function of t. Neglect air resistance. 

The only force on the stone is gravity, which is, of course, conservative. The 
corresponding potential energy is 

| 

ii 

U (x) = —mgx. 

| 

(Remember x is measured downward.) Since the stone is at rest when x = 0, 
the total energy is E = 0, and according to (4.56) the velocity is 

yj E U (x ) = yj2gX 

(a result that is well known from elementary kinematics). Thus 



As anticipated, this gives t as a function of x, and we can solve to give the 
familiar result 

I * = he* 2 - 

I 

| This simple example, involving the gravitational potential energy U(x) = 
—mgx, can be solved many different (and some simpler) ways, but the energy 
method used here can be used for any potential energy function U(x). In some 
cases, the integral (4.58) can be evaluated in terms of elementary functions, and 
we obtain an analytic solution of the problem; for example, if U(x) = \kx 2 (as 
for a mass on the end of a spring), the integral turns out to be an inverse sine 

j function, which implies that x oscillates sinusoidally with time, as we should 
expect (see Problem 4.28). For some potential energies, the integral cannot be 
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done in terms of elementary functions, but can nonetheless be related to func¬ 
tions that are tabulated (see Problem 4.38). For some problems, the only way to 
do the integral (4.58) is to do it numerically. 


4.7 Curvilinear One-Dimensional Systems 


So far the only one-dimensional system I have discussed is an object constrained to 
move along a linear path, with position specified by the coordinate v. There are other, 
more general, systems that can equally be said to be one-dimensional, inasmuch as 
their position is specified by a single number. An example of such a one-dimensional 
system is a bead threaded on a curved rigid wire as illustrated in Figure 4.13. (Another 
is a roller coaster confined to a curved track.) The position of the bead can be specified 
by a single parameter, which we can choose as the distance s, measured along the wire, 
from a chosen origin O. With this choice of coordinate, the discussion of the curved 
one-dimensional track parallels closely that of the straight track, as I now show. 

The coordinate s of our bead corresponds, of course, to jc for a cart on a straight 
track. The speed of the bead is easily seen to be s, and the kinetic energy is therefore 
just 


rj ~I 1 * 2 

1 = ^ms 

as compared to the familiar \mx 2 for the straight track. The force is a little more 
complicated. As our bead moves on the curved wire the net normal force is not zero; 
on the contrary, the normal force is what constrains the bead to follow its assigned 
curving path. (For this reason, the normal force is called the force of constraint.) On 
the other hand, the normal force does no work, and it is the tangential component 
Ftang of the net force that is our chief concern. In particular, it is fairly easy to show 
(Problem 4.32) that 



= ms 



Figure 4.13 An object constrained to move on a curved 
track can be considered to be a one-dimensional system, 
with the position specified by the distance 5 (measured 
along the track) of the object from an origin O . The system 
shown is a bead threaded on a stiff wire, bent into a double 
loop-the-loop. 
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(just as F x = mx on a straight track). Further, if all the forces on the bead that have 
a tangential component are conservative, we can define a corresponding potential 
energy U(s) such that F tang = —dU/ds, and the total mechanical energy E = T + 
U (s) is constant. The whole discussion of Section 4.6 can now be applied to the bead 
on a curved wire (or any other object constrained to move on a one-dimensional path). 
In particular, those points where U(s) is a minimum are points of stable equilibrium, 
and those where U(s) is maximum are points of unstable equilibrium. 

There are many systems that appear to be much more complicated than the bead 
on a wire, but are nonetheless one-dimensional and can be treated in much the same 
way. Here is an example. 


example 4.7 Stability of a Cube Balanced on a Cylinder 

| 

A hard rubber cylinder of radius r is held fixed with its axis horizontal, and 
a wooden cube of side 2b is balanced on top of the cylinder, with its center 
vertically above the cylinder’s axis and four of its sides parallel to the axis. The 
cube cannot slip on the rubber of the cylinder, but it can of course rock from 
side to side, as shown in Figure 4.14. By examining the cube’s potential energy, 
find out if the equilibrium with the cube centered above the cylinder is stable or 
unstable. 

Let us first note that the system is one-dimensional, since its position as it 
rocks from side to side can be specified by a single coordinate, for instance the 
angle 0 through which it has turned. (We could also specify it by the distance s 
| of the cube’s center from equilibrium, but the angle is a little more convenient. 
Either way the system’s position is specified by a single coordinate, and our 
problem is definitely one-dimensional.) The constraining forces are the normal 


i 

■i 



Figure 4.14 A cube, of side 2b and center C, is 
placed on a fixed horizontal cylinder of radius r and 
center O. It is originally put so that C is centered 
above 0, but it can roll from side to side without 
slipping. 
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and frictional forces of the cylinder on the cube; that is, these two forces 
constrain the cube to move only as shown in Figure 4.14. Since neither of these 
does any work we need not consider them explicitly. The only other force on the 
cube is gravity, and we know from elementary physics that this is conservative ] 
and that the gravitational potential energy is the same as for a point mass at the | 
center of the cube; that is, U — mgh , where h is the height of C above the origin, 
as shown in Figure 4.14. (See Problem 4.6.) The length of the line shown as OB 
is just r + b, while the length BC is the distance the cube has rolled around the 
cylinder, namely rO. Therefore h = (r + b) cos# + rO sin# and the potential 
energy is J 

U(6) — mgh = mg[(r + b) cos# + r# sin#]. (4.59) 

To find the equilibrium position (or positions) we must find the points where 
dU/d6 vanishes. (Strictly speaking I haven’t proved this very plausible claim 
yet for this kind of constrained system; I’ll discuss it shortly.) The derivative is | 
easily seen to be (check this for yourself) 

dU 

-= mg[rO cos 0 — b sin #]. 

dO 

This vanishes at # = 0, confirming the obvious — that # = 0 is a point of I 
equilibrium. To decide whether this equilibrium is stable, we have only to 
differentiate again and find the value of d 2 U/dO 2 at the equilibrium position. | 
This gives (as you should check) 

d 2 U I 

= mg ( r - b) (4.60) J 

(at # = 0). If the cube is smaller than the cylinder (that is, b < r), this second j 
derivative is positive, which means that U{0) has a minimum at # = 0 and the 
equilibrium is stable; if the cube is balanced on the cylinder, it will remain there j 
indefinitely. On the other hand, if the cube is larger than the cylinder (b > r), the 
second derivative (4.60) is negative, the equilibrium is unstable, and the smallest | 
disturbance will cause the cube to roll and fall off the cylinder. 


Further Generalizations 

There are many other, more complicated systems that are still legitimately described 
as one dimensional. Such systems may comprise several bodies, but the bodies are 
joined by struts or strings in such a way that just one parameter is needed to describe 
the system’s position. An example of such a system is the Atwood machine shown in 
Figure 4.15, which consists of two masses, m x and m 2 , suspended from opposite ends 
of a massless, inextensible string that passes over a frictionless pulley. (To simplify 
the discussion, I shall assume the pulley is massless, although it is easy to allow for 
a mass of the pulley.) The two masses can move up and down, but the forces of the 
pulley on the string and the string on the masses constrain matters so that the mass 
m 2 can move up only to the extent that mj moves down by exactly the same distance. 
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Figure 4.15 An Atwood machine consisting of two masses, 
m x and m 2 , suspended by a massless inextensible string 
that passes over a massless, frictionless pulley. Because the 
string’s length is fixed, the position of the whole system is 
specified by the distance x of m x below any convenient fixed 
level. The forces on the two masses are their weights m x g 
and m 2 g , and the tension forces F T (which are equal since 
the pulley and string are massless). 


Thus the position of the whole system can be specified by a single parameter, for 
example the height x of mj below the pulley’s center as shown, and the system is 
again one-dimensional. 9 

Let us consider the energies of the masses m x and m 2 . The forces acting on 
them are gravity and the tension in the string. Since gravity is conservative, we can 
introduce potential energies U x and U 2 for the gravitational forces, and our previous 
considerations imply that in any displacement of the system, 


+ A U x = W\ m (4.61) 

and 

AT 2 + AU 2 = (4.62) 

where the terms W ten denote the work done by the tension on m x and m 2 . Now, in 
the absence of friction, the tension is the same all along the string. Thus, although 
the tension certainly does work on the two individual masses, the work done on m x is 
equal and opposite to that done on m 2 , when m x moves down and m 2 moves an equal 
distance up (or vice versa). That is, 

W{ en = -W* n . (4.63) 


9 You may object, correctly, that the masses can also move sideways. If this worries you, we can 
thread each mass over a vertical frictionless rod, but these rods are actually unnecessary: As long as 
we refrain from pushing the masses sideways, each will remain in a vertical line of its own accord. 
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Thus, if we add the two energy equations (4.61) and (4.62), the terms involving the 
tension in the string cancel and we are left with 


a(t 1 + u 1 + t 2 + u 2 ) = o. 


That is, the total mechanical energy 

E = T 1 + U l + T 2 + U 2 (4.64) 

is conserved. The beauty of this result is that all reference to the constraining forces 
of the string and pulley has disappeared. 

It turns out that many systems which contain several particles that are constrained 
in some way (by strings, struts, or a track on which they must move, etc.) can be treated 
in this same way: The constraining forces are crucially important in determining 
how the system moves, but they do no work on the system as a whole. Thus in 
considering the total energy of the system, we can simply ignore the constraining 
forces. In particular, if all other forces are conservative (as with our example of the 
Atwood machine), we can define a potential energy U a for each particle o', and the 
total energy 

N 

E = IX + u «> 

a=l 

is constant. If the system is also one-dimensional (position specified by just one 
parameter, as with the Atwood machine), then all of the considerations of Section 
4.6 apply. 

A careful discussion of constrained systems is far easier in the Lagrangian formula¬ 
tion of mechanics than in the Newtonian. Thus I shall postpone any further discussion 
to Chapter 7. In particular, the proof that a stable equilibrium normally corresponds 
to a minimum of the potential energy (for a large class of constrained systems) is 
sketched in Problem 7.47. 


4.8 Central Forces 


A three-dimensional situation that has some of the simplicity of one-dimensional 
problems is a particle that is subject to a central force, that is, a force that is everywhere 
directed toward or away from a fixed “force center.” If we take the force center to be 
the origin, a central force has the form 


F(r) = /(r)f 


(4.65) 


where the function /(r) gives the magnitude of the force (and is positive if the force 
is outward and negative if it is inward). An example of a central force is the Coulomb 
force on a charge q due to a second charge Q at the origin; this has the familiar form 


F(r) = 



(4.66) 
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which is obviously an example of (4.65), with the magnitude function given by 
/(r) = kqQ/r 2 . The Coulomb force has two additional properties not shared by all 
central forces: First, as we have proved, it is conservative. Second, it is spherically 
symmetric or rotationally invariant; that is, the magnitude function /( r) in (4.65) 
is independent of the direction of r and, hence, has the same value at all points at 
the same distance from the origin. A compact way to express this second property of 
spherical symmetry is to observe that the magnitude function /(r) depends only on 
the magnitude of the vector r and not its direction, so can be written as 

fir) = f{r). (4.67) 

A remarkable feature of central forces is that the two properties just mentioned 
always go together: A central force that is conservative is automatically spherically 
symmetric, and, conversely, a central force that is spherically symmetric is automati¬ 
cally conservative. These two results can be proved in several ways, but the most direct 
proofs involve the use of spherical polar coordinates. Therefore, before offering any 
proofs, I shall briefly review the definition of these coordinates. 


Spherical Polar Coordinates 

The position of any point P is, of course, identified by the vector r pointing from the 
origin O to P. The vector r can be specified by its Cartesian coordinates (x, y, z), 
but in problems involving spherical symmetry it is almost always more convenient to 
specify r by its spherical polar coordinates (r, 0,0), as defined in Figure 4.16. The 
first coordinate r is just the distance of P from the origin; that is, r = |r |, as usual. The 
angle 0 is the angle between r and the z axis. The angle 0, often called the azimuth, 
is the angle from the x axis to the projection of r on the xy plane, as shown. 10 It is 
a simple exercise (Problem 4.40) to relate the Cartesian coordinates (x, y, z) to the 
polar coordinates (r, 0, 0) and vice versa. For example, by inspecting Figure 4.16 you 
should be able to convince yourself that 

x —rsin0cos0, y = rsin0sin0, and z — rcosO. (4.68) 

A beautiful use of spherical coordinates, which may help you to visualize them, 
is to specify positions on the surface of the earth. If we choose the origin at the center 
of the earth, then all points on the surface have the same value of r, namely the radius 
of the earth. 11 Thus positions on the surface can be specified by giving just the two 
angles (0,0). If we choose our z axis to coincide with the north polar axis, then it is 
easy to see from Figure 4.16 that 0 gives the latitude of the point P, measured down 
from the north pole. (Since latitude is traditionally measured up from the equator, our 
angle 0 is often called the colatitude.) Similarly, 0 is the longitude measured east from 
the meridian of the x axis. 


10 You should be aware that, while the definitions given here are those always used by physicists, 
most mathematics texts reverse the roles of 0 and 0. 

11 Actually the earth isn’t perfectly spherical, so r isn’t quite constant, but this doesn’t change 
the conclusion that any position on the surface can be specified by giving 0 and 0. 
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Figure 4.16 The spherical polar coordinates (r, 0,0) of a 
point P are defined so that r is the distance of P from the 
origin, 0 is the angle between the line OP and the z axis, 
and 0 is the angle of the line OQ from the x axis, where 
Q is the projection of P onto the xy plane. 


The statement that a function /(r) is spherically symmetric is simply the statement 
that, with r expressed in spherical polars, / is independent of 0 and 0. This is what 
we mean when we write /(r) = /(r), and the test for spherical symmetry is simply 
that the two partial derivatives df/dO and 3//30 are both zero everywhere. 

/v a 

The unit vectors f, 0, and 0 are defined in the usual way: First, r is the unit vector 
pointing in the direction of movement if r increases with 0 and 0 fixed. Thus, as shown 
in Figure 4.17, the vector r points radially outward, and is just the unit vector in the 
direction of r as usual. (On the surface of the earth, r points upward, in the direction 

A 

of the local vertical.) Similarly, 0 points in the direction of increasing 0 with r and 0 

a 

fixed, that is, southward along a line of longitude. Finally, 0 points in the direction of 
increasing 0 with r and 0 fixed, that is, eastward along a circle of latitude. 

A A 

Since the three unit vectors f, 0, and 0 are mutually perpendicular, we can evaluate 
dot products in spherical polars in just the same way as in Cartesians. Thus, if 


and 


-A. A 

a = a r v + a e 0 + a^0 


A A 

b = b r Y + b@0 + ^0 


then (make sure you see this) 


a • b = a r b r + a e b e + a^b^. 


(4.69) 


Like the unit vectors of two-dimensional polar coordinates, the unit vectors r, 0, 
and 0 vary with position, and, as was the case in two dimensions, this variability 
complicates many calculations involving differentiation, as we shall now see. 
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The Gradient in Spherical Polar Coordinates 

In Cartesian coordinates, we have seen that the components of V / are precisely the 
partial derivatives of / with respect to jc, y, and z, 

V/ = x— + y— + z—. (4.70) 

ox oy oz 

The corresponding expression for V / in polar coordinates is not so straightforward. 
To find it, recall from (4.35) that, in a small displacement dr, the change in any 
function /(r) is 


df = Vf-dr. (4.71) 

To evaluate the small vector Jr in polar coordinates, we must examine carefully what 
happens to the point r when we change r, 0, and 0: A small change dr in r moves 
the point a distance dr radially out, in the direction of r. As you can see from Figure 
4.17, a small change dO in 6 moves the point around a circle of longitude (radius r) 

A 

through a distance r dO in the direction of 6. (Note well the factor of r — the distance 
is not just dO.) Similarly, a small change d(j) in 0 moves the point around a circle of 
latitude (radius r sin 0) through a distance r sin 0 J0. Putting all this together, we see 
that 


dr = dr r + r dO 0 + r sin 0 d<fi <j>. 

Knowing the components of dr, we can now evaluate the dot product in (4.71) in 
terms of the unknown components of V/, 

df = (V/) r dr + (V/), r dO + (V/) 0 r sin £ J0. (4.72) 



Figure 4.17 The three unit vectors of spherical polar co¬ 
ordinates at the point P. The vector f points radially out, 

✓V A 

0 points “south” along a line of longitude, and 0 points 
“east” around a circle of latitude. 
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Meanwhile, since / is a function of the three variables r, 0, 0, the change in / is, of 
course, 


df = —dr + — dO + —dtp. 
dr 86 df 


(4.73) 


Comparing (4.72) and (4.73), we conclude that the components of V/ in spherical 
polars are 


or, a little more compactly, 


and (V/) 0 = 


1 df 
r sin 6 d<p 


(4.74) 


V/ = + 6-^- + !— ^ 

dr r 30 r sin# 30 


(4.75) 


Similar considerations apply to the curl and other operators of vector calculus, all 
of which are markedly more complicated in spherical polar coordinates (and all other 
non-Cartesian coordinates) than in Cartesian coordinates. Since the formulas for these 
operators are very hard to remember, I have listed the more important ones inside the 
back cover. Proofs can be found in any textbook of vector calculus. 12 Armed with 
these ideas, let us return to central forces. 


Conservative and Spherically Symmetric, Central Forces 

I claimed earlier that a central force is conservative if and only if it is spherically 
symmetric. This claim can be proved several different ways. The quickest proofs 
(though not necessarily the most insightful) use spherical polar coordinates. Let us 
assume first that the central force F(r) is conservative and try to prove that it must be 
spherically symmetric. Since it is conservative, it can be expressed in the form —VI/, 
which according to (4.75), has the form 


3U -1 3U - 1 

F(r) = -VI/ = —r—-0- — - 0 


3U 


3r 


r 30 r sin 0 30 


(4.76) 


Since F(r) is central, only its radial component can be nonzero, and the last two 
terms in (4.76) must be zero. This requires that 3U/30 = 3I//30 = 0; that is, U (r) 
is spherically symmetric, and (4.76) reduces to 


F(r) = -r 


3 U 
dr 


Since U is spherically symmetric (depends only on r), the same is true of 3U/3r , 
and we see that the central force F(r) is indeed spherically symmetric. I shall leave 
the proof of the converse result, that a central force which is spherically symmetric is 
necessarily conservative, to the problems at the end of this chapter. (See Problems 4.43 


See, for example, 
1983, p.431. 


Mary L. Boas, Mathematical Methods in the Physical Sciences , John Wiley, 
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and 4.44, but the simplest proof mimics almost exactly the analysis of the Coulomb 
force in Example 4.5.) 

The importance of these results is this: First, because a force F(r) that is central and 
spherically symmetric has a magnitude that depends only on r, it is nearly as simple 
as a one-dimensional force. Second, although F(r) is certainly not actually a one¬ 
dimensional force (its direction still depends on 0 and 0), we shall see in Chapter 8 
that any problem involving this kind of force is mathematically equivalent to a certain 
related one-dimensional problem. 


4.9 Energy of Interaction of Two Particles 


Almost all of our discussion of energy has focused on the energy of a single particle 
(or any larger object that can be approximated as a particle). It is now time to extend 
the discussion to systems of several particles, and I shall naturally start with just two 
particles. In this section, I shall suppose that the two particles interact via forces F 12 
(on particle 1 by particle 2) and F 2 i (on particle 2 by particle 1), but that there are no 
other, external, forces. In general, the force F 12 could depend on the positions of both 
particles, so can be written as 


Fi2 = Fi 2 (r 1 ,r 2 ), 


and by Newton’s third law 



As an example of such a two-particle system we could consider an isolated binary 
star, in which case the only two forces are the gravitational attraction of each star for 
the other. If we denote the vector pointing to star 1 from star 2 by r, as in Figure 4.18, 
the force F 12 is just the familiar 


^12 “ 


Gmpn 2 


r = 


Gm x m 2 


r. 


2 


O 

Figure 4.18 The vector r pointing to particle 1 
from particle 2 is just r = (r x — r 2 ). 



Section 4.9 Energy of Interaction of Two Particles 


139 


The vector r can be written in terms of the two positions r { and r 2 . In fact, as can be 
seen in Figure 4.18, 


r = r x - r 2 . 


Thus the force F 12 , expressed as a function of r x and r 2 , is 


F 


12 — 


Gm { m 2 



( r i - r 2 ). 


(4.77) 


A striking property of the force (4.77) is that it depends on the two positions r x and 
r 2 only through the particular combination — r 2 . This property is not an accident, 
and is in fact true of any isolated two-particle system. The reason is that any isolated 
system must be translationally invariant: If we bodily translate the system to a 
new position, without changing the relative positions of the particles, the interparticle 
forces should remain the same. This is illustrated in Figure 4.19, which shows a pair 
of points rj and r 2 and a second pair of points s { and s 2 , with s x — s 2 = r { — r 2 . Since 
the two points r { and r 2 could be simultaneously translated to s x and s 2 , the force 
F 12 (r ls r 2 ) must be the same as F 12 (s l5 s 2 ) for any points satisfying r { — r 2 = Sj — s 2 . 
In other words, F 12 (rj, r 2 ) depends only on r { — r 2 , as claimed, and we can write 


F12 — F 12( r l ~ r 2)* (4.78) 

The result (4.78) greatly simplifies our discussion. We can learn almost everything 
about the force F 12 by fixing r 2 at any convenient point. In particular, let us temporarily 
fix r 2 at the origin, in which case (4.78) reduces to just F 12 (it). (This maneuver 
amounts to translating both particles until particle 2 is at the origin, and we know 
that the force is unaffected by any such translation.) With r 2 fixed, our discussion of 
the force on a single particle now applies. For example, if the force F 12 on particle 1 
is to be conservative, then it must satisfy 


Vj x F 12 = 0 


(4.79) 



s 



l 


Figure 4.19 If — r 2 = Sj — s 2 , then two particles at 
I*] and r 2 could be bodily translated to s x and s 2 without 
affecting their relative positions. This means that the force 
between the particles at r x and r 2 must be the same as that 
at S! and s 2 . 



Chapter 4 Energy 


where is the differential operator 


w - 3 a 
Vi = x— +y 


dx 


dy i 


+ z 


9 


9z 


with respect to the coordinates (x x , y h z x ) of particle 1. If (4.79) is satisfied, we can 
define a potential energy U (iq) such that the force on particle 1 is 


F12 = -Vjt/( rj). 

This gives the force F 12 for the case that particle 2 is at the origin. To find it for particle 
2 anywhere else we have only to translate back to an arbitrary position by replacing 
r x with r x — r 2 to give 


F 12 = -Vit/Cr! - r 2 ). (4.80) 

Notice that I don’t have to change the operator V b since an operator like d/dx x is 
unchanged by addition of a constant to jtj. 

To find the reaction force F 21 on particle 2, we have only to invoke Newton’s third 
law, which says that F 21 = ~f 12 . That is, we have only to change the sign of (4.80). 
We can re-express this by noticing that 


V 1 ^/(r 1 - r 2 ) = -V 2 U(v x - r 2 ), (4.81) 

where V 2 denotes the gradient with respect to the coordinates of particle 2. (To prove 
this, invoke the chain rule. See Problem 4.50.) So, instead of changing the sign of 
(4.80) to find F 21 , we can simply replace V] by V 2 to give 

F 2 i = -V 2 t/( ri - r 2 ). (4.82) 

Equations (4.80) and (4.82) are a beautiful result that generalizes to multiparticle 
systems. To emphasize what they say, let me rewrite them as 

(Force on particle 1) = — V X U 
(Force on particle 2) — — V 2 J7. 

There is a single potential energy function U , from which we can derive both forces. 
To find the force on particle 1, we just take the gradient of U with respect to the 
coordinates of particle 1; to find the force on particle 2, we take the gradient with 
respect to the coordinates of particle 2. 

Before generalizing this result to multiparticle systems, let us consider the conser¬ 
vation of energy for our two-particle system. Figure 4.20 shows the orbits of the two 
particles. During a short time interval dt , particle 1 moves through dr x and particle 2 
through dr 2 , and work is done on both particles by the corresponding forces. By the 
work-KE theorem 


dT x = (work on 1) = dr x *F 12 


dT 2 = (work on 2) = dr 2 • F 21 . 


and similarly 
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Figure 4.20 Motion of two interacting particles. During a 
short time interval dt , particle 1 moves from r 1 to r, + dr x 
and particle 2 from r 2 to r 2 + dr 2 . 


Adding these, we find for the change in the total kinetic energy T — 7j + T 2 , 

dT = dT { + dT 2 = (work on 1) + (work on 2) 

= (4.84) 


where 


Wtot — dr i *F 12 + dr 2 *F 21 

denotes the total work done on both particles. Replacing F 21 by — F 12 and then 
replacing F 12 with (4.80), we can rewrite W tot as 

W tot = (dr i - dr 2 ) • F 12 = d(r x - r 2 ) . [-V t U(r x - r 2 )]. (4.85) 

If we rename (r x — r 2 ) as r, then the right side of this equation can be seen to be just 
(minus) the change in the potential energy, and we find that 13 

= ~dr • VI/ (r) = -dU (4.86) 

where the last step follows from the property (4.35) of the gradient operator. It is 
worth pausing to appreciate this important result. The total work W tot is the sum of 
two terms, the work done by F 12 as particle 1 moves through dr x plus the work done 
by F 21 as particle 2 moves through dr 2 . According to (4.86), the potential energy U 
takes both of these terms into account and W tot is simply —dU. 

Returning to the total kinetic energy, we now see that according to (4.84) the change 
dT is just —dU. Moving the term dU to the other side, we conclude that 

d(T + U) = 0. 

That is, the total energy, 


E = T + U = T x + T 2 + U, 


(4.87) 


1 'X 

If you invoke the chain rule for differentiation, you can see that it makes no difference whether 
we write Vj U (r) or VI/(r). 
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of our two-particle system is conserved. Note well that the total energy of our two 
particles contains two kinetic terms (of course), but only one potential term, since U 
accounts for the work done by both of the forces F 12 and F 21 . 


Elastic Collisions 

Elastic collisions give a simple application of these ideas. An elastic collision is a 
collision between two particles (or bodies that can be treated as particles) that interact 
via a conservative force that goes to zero as their separation r l — r 2 increases. Since 
the force goes to zero as |rj — r 2 | oo, the potential energy U (rj — r 2 ) approaches 
a constant, which we may as well take to be zero. For example, the two particles could 
be an electron and a proton, or they could be two billiard balls. That the force between 
two billiard balls is conservative is not obvious, but it is a fact that billiard balls are 
manufactured so that they behave like almost perfect (that is, conservative) springs 
when they are forced together. It is certainly easy to think of other objects (such as 
lumps of putty), for which the interobject force is nonconservative, and the collisions 
of such objects are not elastic. 

In a collision, the two particles start out far apart, approach one another, and then 
move apart again. Because the forces are conservative, the total energy is conserved; 
that is, T + U = constant (where, of course, T = 7j + T 2 ). But when the particles are 
far apart, U is zero. Thus if we use the subscripts “in” and “fin” to label the situations 
well before and well after the particles come together, then conservation of energy 
implies that 


T in = T’fin • (4-88) 

In other words, an elastic collision can be characterized as a collision in which two 
particles come together and re-emerge with their total kinetic energy unchanged. 
However, it is important to remember that there is no principle of conservation of 
kinetic energy. On the contrary, while the particles are close together their PE is 
nonzero and their KE certainly is changing. It is only when they are well separated 
that the PE is negligible and conservation of energy leads to the result (4.88). 

The foregoing discussion may suggest that elastic collisions should be a very com¬ 
mon occurence. All that is needed is two particles whose interaction is conservative. 
In practice, elastic collisions are not as widespread as this seems to imply. The trouble 
comes from the requirement that it be two particles that enter and leave the collision. 
For example, if we fire one billiard ball at a second with sufficient energy, the two balls 
may shatter. Similarly, if we fire an electron with sufficient energy at an atom, the atom 
may fall apart or, at least, change the internal motion of its constituents. Even in the 
collision of two genuine particles, such as an electron and a proton, relativity tells 
us that, with sufficient energy, new particles can be created. Clearly, at high enough 
energy, the assumption that the two objects entering a collision can be approximated 
as indivisible particles eventually breaks down, and we cannot assume that collisions 
will be elastic, even if all the underlying forces are conservative. Nevertheless, at rea¬ 
sonably low energies there are many situations where collisions are perfectly elastic: 
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At sufficiently low energy, collisions of an electron with an atom always are, and to a 
good approximation, the same is true of billiard balls. 

Elastic collisions" provide several simple illustrations of the uses of conservation 
of energy and momentum, of which the following is one. 


example 4.8 An Equal-Mass, Elastic Collision 

Consider an elastic collision between two particles of equal mass, m l — m 2 — m 
(for example, two electrons, or two billiard balls), as shown in Figure 4.21. Prove 
that if particle 2 is initially at rest then the angle between the two outgoing 
velocities is 0 = 90°. 

Conservation of momentum implies that m\ l = mv' + mv' or 

v! = v; + v'. (4.89) 

^ r\ r\ 

That the collision is elastic implies that \m\ x = \mv' x + \m\' 2 or 


Squaring (4.89), we find that 

vj 2 = v ; 2 + 2 V ; • v' + v' 2 , 
and comparing the last two equations we see that 

v i • v 2 = °; 

that is, and \' 2 are perpendicular (unless one of them is zero, in which case the 
angle between them is undefined). This result was useful in atomic and nuclear 
physics; when an unknown projectile hit a stationary target particle, the fact that 
the two emerged traveling at 90° was taken as evidence that the collision was 
elastic and the two particles had equal masses. 



Figure 4.21 Elastic collision between two equal- 
mass particles. Particle 1 enters with velocity V] and 
collides with the stationary particle 2. The angle 
between the two final velocities v' and is 0. 
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4.10 The Energy of a Multiparticle System 


We can extend our discussion of two particles to N particles fairly easily. The main 
complication is notational: The large number of ^ signs can make it hard to see 
clearly what is going on. For this reason, I shall start by considering the case of four 
particles (N = 4) and write out all of the various sums explicitly. 


Four Particles 

Let us consider, then, four particles, as shown in Figure 4.22. The particles can interact 
with each other (for example, they could be charged, so that each particle experiences 
the Coulomb force from the three others), and they may be subject to external forces, 
such as gravity or the Coulomb force of nearby charged bodies. In defining the energy 
of this system, the easy part is the kinetic energy 7, which is, of course, the sum of 
four terms, 


t = t x + t 2 + t 3 + t 49 (4.90) 

one term T a — {m a v^ for each particle. 

To define the potential energy, we must examine the forces on the particles. First, 
there are the internal forces of the four particles interacting with each other. For each 
pair of particles there is an action-reaction pair of forces; for example, particles 3 
and 4 produce the forces F 34 and F 43 shown in Figure 4.22. I shall take for granted 
that each of these interparticle forces F a p is unaffected by the presence of the other 
particles and any external bodies. For example, F 34 is just the same as if particles 1 



1 # 

2 

Figure 4.22 A system of four particles a = 1, 2, 3, 4. For 
each pair of particles, a/3, there is an action-reaction 
pair of forces, F and F^ a , such as the pair F 34 and 
F 43 shown. In addition, each particle ol may be subject 
to an external net force F® xt . The four particles could be 
charged dust motes floating in the air, with the forces F a/g 
being electrostatic and F^ xt being gravity plus buoyancy 
of the air. 
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and 2 and all external bodies were removed. 14 Thus, we can treat the two forces F 34 
and F 43 exactly as in Section 4.9. Provided the forces are conservative, we can define 
a potential energy 


^34 — ^34 ( r 3 “ r 4) 


(4.91) 


and the corresponding forces are the appropriate gradients as in (4.83) 

F 34 = —V 3 f/ 34 and F 43 = — V 4 t/ 34 . (4.92) 

There are in all six distinct pairs of particles, 12, 13, 14, 23, 24, 34, and for each 
pair we can define a corresponding potential energy t/ 12 , • • •, t/ 34 from which the 
corresponding forces are obtained in the same way. 

Each of the external forces F^ xt depends only on the corresponding position r a . 
(The force F^ xt , for instance, depends on the position r 1? but not on r 2 , r 3 , r 4 .) 
Therefore, we can handle F^ xt exactly as we did the force on a single particle. In 
particular, if F^ xt is conservative, we can introduce a potential energy U^ x{ (r a ) and 
the corresponding force is given by 

C = -VaU?(r a ) (4.93) 

where, of course, V a denotes differentiation with respect to the coordinates of parti¬ 
cle a. 

We can now put all the potential energies together and define the total potential 
energy as the sum 

U = U ini + U ext = (U l2 + U l3 + U i4 + U 23 + U 24 + U 34 ) 

+ (t/f xt + f/ 2 ext + f/ 3 ext + f/ 4 ext ). (4.94) 

In this definition, U mt is the sum over all six pairs of particles of the pairwise 
potential energies, U 12 , • ••, U 34 , and U ext is the sum of the four potential energies, 
t/j ext , • • •, f/ 4 xt arising from the external forces. 

It is a fairly straightforward matter to show (see Problem 4.51 for more details) 
that the force on particle a is just (minus) the gradient of U with respect to the 
coordinates (x a , y a , z a ). Consider, for instance, the gradient — V X U. When — Vj acts 
on the first line of (4.94), its action on the first three terms, ^12 + ^13 + ^14 gives 
precisely the three internal forces, F 12 + F 13 + F 14 . Acting on the last three terms, 
U 23 + U 24 + U 34 , it produces zero, since none of these depend on When acts 
on the second line of (4.94), its action on the first term, t/^ xt , produces the external 


14 This is quite a subtle point. I am, of course, not denying that the extra particles exert extra 
forces on particle 3. I claim only that the force of particle 4 on particle 3 is independent of the 
presence or absence of particles 1 and 2 and any external bodies. One could imagine a world where 
this claim was false (the presence of particle 1 could somehow change the force of 4 on 3), but 
experiment seems to confirm that in our world my claim is true. 
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force F^ xt . Acting on the last three terms it produces zero, since none of them depend 
on Accordingly, 


-Vil/ = F,2 + F 13 + F 14 + Ff 
= (net force on particle 1). 


(4.95) 


In exactly the same way, we can prove that in general 

—V a U — (net force on particle a) (4.96) 


as expected. 

The second crucial property of our definition of potential energy U is that (provided 
all the forces concerned are conservative, so we can define U ), the total energy, defined 
as E — T + [/, is conserved. We prove this in the now familiar way (for more details, 
see Problem 4.52): Apply the work-KE theorem to each of the four particles and add 
the results to show that, in any short time interval, dT = W tot where W tot denotes 
the total work done by all forces on all particles. Next show that W tot = —dU, and 
conclude that dT — — dU , and hence 

dE = dT + dU = 0. 


That is, energy is conserved. 

% 


N Particles 

The extension of these ideas to an arbitrary number of particles is now quite straight¬ 
forward, and I shall just write down the principal formulas. For N particles, labeled 
a = 1, • • •, A, the total kinetic energy is just the sum of the N separate kinetic energies 

T = E T « = E \ m « V a- 

a a 

Assuming that all forces are conservative, for each pair of particles, oi/3, we introduce 
the potential energy U a p that describes their interaction, and for each particle a we 
introduce the potential energy U^ xi that describes the net external force on that particle. 
The total potential energy is then 

(4-97) 

a f$>a a 

(Here the condition j3 > a in the double sum makes sure we don’t double count the 
internal interactions U a p. For instance, we include U n but not t/ 2 i*) 

With the potential energy U defined in this way, the net force on any particle a is 
given by — J V a U, as in Equation (4.96), and total energy E = T + U is conserved. 
Finally, if any forces are nonconservative, we can define U as the potential energy 
pertaining to the conservative forces and then show that, in this case, dE = W nc where 
W nc is the work done by the nonconservative forces. 
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Rigid Bodies 

While the formalism of the last two sections is fairly general and complicated, you can 
perhaps take some comfort that most applications of the formalism are much simpler 
than the formalism itself. As one simple example, consider a rigid body, such as a 
golf ball or a meteorite, made up of N atoms. The number N is typically very large, 
but the energy formalism just developed usually turns out to be very simple. As you 
probably recall from elementary physics, the total kinetic energy of the N particles 
rigidly bound together is just the kinetic energy of the center-of-mass motion plus 
the kinetic energy of rotation. (I’ll be proving this in Chapter 10, but I hope you’ll 
accept it for now.) The potential energy of the internal, interatomic forces as given by 
(4.97) is 

( 4 - 98 ) 

oi fi>a 

If the interatomic forces are central (as is usually the case), then, as we saw in Section 
4.8, the potential energy U a ^ actually depends on just the magnitude of r a — (not 
its direction). Thus we can rewrite (4.98) as 

u ' ml = E E U «P<\ r * - r p \ >• (4.99) 

0 t /3>Q! 

Now, as a rigid body moves, the positions r a of its constituent atoms can, of course, 
move, but the distance Ir^ — r^| between any two atoms cannot change. (This is, in 
fact, the definition of a rigid body.) Therefore, if the body concerned is truly rigid, none 
of the terms in (4.99) can change. That is, the potential energy U mt of the internal forces 
is a constant and can, therefore, be ignored. Thus, in applying energy considerations 
to a rigid body we can entirely ignore U mt and have to worry only about the energy 
I/ ext corresponding to the external forces. Since this latter energy is often a very simple 
function (see the following example), energy considerations as applied to a rigid body 
are usually very straightforward. 

example 4.9 A Cylinder Rolling down an Incline 

A uniform rigid cylinder of radius R rolls without slipping down a sloping track 
as shown in Figure 4.23. Use energy conservation to find its speed v when it | 
reaches a vertical height h below its point of release. 

In accordance with the preceding discussion we can ignore the internal forces 
that hold the cylinder together. The external forces on the cylinder are the normal 
and frictional forces of the track and gravity. The first two do no work, and 
gravity is conservative. As you certainly recall from introductory physics, the 
gravitational potential energy of an extended body is the same as if all the mass 
were concentrated at the center of mass. (See Problem 4.6.) Therefore, 

f/ ext = MgY , 

i 

where Y is the height of the cylinder’s CM measured up from any convenient 
reference level. The kinetic energy of the cylinder is T = \Mv 2 + \Ico 2 , where j 
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Figure 4.23 A uniform cylinder starts from rest and rolls 
without slipping down a slope through a total vertical 
drop h = Y in — (with the CM coordinate Y measured 
vertically up). 

I 

I 

| 

I is its moment of inertia, I = \MR 2 , and co is its angular velocity of rolling, 

co = v/R. Thus the final kinetic energy is 

jj 

! T = ~Mv 2 

I 4 

I 

j and the initial KE is zero. Therefore, conservation of energy in the form AT = 

—A £/ ext implies that 


\Mv 2 = -Mg(F fin - F in ) = Mgh 


and hence that the final speed is 


v = 


[4gh 






Principal Definitions and Equations of Chapter 4 _ 

Work-KE Theorem 

The change in KE of a particle as it moves from point 1 to point 2 is 

A T = T 2 -Ti = J F *dr = VT(1 2) [Eq. (4.7)] 

where T = \mv 2 and —> 2) is the work which is done by the total force F on the 

particle and is defined by the preceding integral. 
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Conservative Forces and Potential Energy 

A force F on a particle is conservative if (i) it depends only on the particle’s position, 
F = F(r), and (ii) for any two points 1 and 2, the work W( 1 -> 2) done by F is the 
same for all paths joining 1 and 2 (or equivalently, V x F = 0). [Sections 4.2 & 4.4] 
If F is conservative, we can define a corresponding potential energy so that 

U(r) = — W(r 0 -> r) = - f F(r') *dr' [Eq. (4.13)] 

*^ r o 

and 


F = —VI/. [Eq. (4.33)] 

If all the forces on a particle are conservative with corresponding potential energies 
U h • • •, U n , then the total mechanical energy 

E = T + U x + --- + U n [Eq. (4.22)] 

is constant. More generally if there are also nonconservative forces, A E — W nc , the 
work done by the nonconservative forces. 


Central Forces 

A force F(r) is central if it is everywhere directed toward or away from a “force 
center.” If we take the latter to be the origin, 

F(r) = /(r)r. [Eq. (4.65)] 

A central force is spherically symmetric [/(r) = f(r)] if and only if it is conservative. 

[Sec. (4.8)] 


Energy of a Multiparticle System 

If all forces (internal and external) on a multiparticle system are conservative, the total 
potential energy, 


satisfies 


u = t/- m + = E E ^ + E U T 

a /3>a a 


[Eq. (4.97)] 


(net force on particle a) = — V a I/ 


[Eq. (4.96)] 


and 


T + U= constant. 


[Problem 4.52] 
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Problems for Chapter 4 _ 

Stars indicate the approximate level of difficulty, from easiest (★) to most difficult (★★★). 


section 4.1 Kinetic Energy and Work 

4.1 ★ By writing a • b in terms of components prove that the product rule for differentiation applies to 
the dot product of two vectors; that is, 


d / da. , db 

— (a • b) = — • b + a- 

dt dt dt 


4.2 ★★ Evaluate the work done 

W= f ¥-dr = 

Jo 

by the two-dimensional force F = (jc 2 , 2 xy) along the three paths joining the origin to the point 
P = (1, 1) as shown in Figure 4.24(a) and defined as follows: (a) This path goes along the x axis 
to Q = (1, 0) and then straight up to P. (Divide the integral into two pieces, = Jq+ Jq-) (b) On 
this path y = jc 2 , and you can replace the term dy in (4.100) by dy = 2x dx and convert the whole 
integral into an integral over x. (c) This path is given parametrically as x = r 3 , y = t 2 . In this case 
rewrite jc, y, dx, and dy in (4.100) in terms of t and dt, and convert the integral into an integral over t. 

4.3 ★★ Do the same as in Problem 4.2, but for the force F = (—y , x) and for the three paths joining P 
and Q shown in Figure 4.24(b) and defined as follows: (a) This path goes straight from P = (1, 0) to 
the origin and then straight to Q = (0, 1). (b) This is a straight line from P to Q. (Write y as a function 
of x and rewrite the integral as an integral over x.) (c) This is a quarter-circle centered on the origin. 
(Write x and y in polar coordinates and rewrite the integral as an integral over 0.) 

4.4 ★★ A particle of mass m is moving on a frictionless horizontal table and is attached to a massless 
string, whose other end passes through a hole in the table, where I am holding it. Initially the particle is 
moving in a circle of radius r 0 with angular velocity co Q , but I now pull the string down through the hole 
until a length r remains between the hole and the particle, (a) What is the particle’s angular velocity 
now? (b) Assuming that I pull the string so slowly that we can approximate the particle’s path by a 


/ 

Jo 


(F x dx + F y dy) 


(4.100) 



Figure 4.24 (a) Problem 4.2. (b) Problem 4.3 
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circle of slowly shrinking radius, calculate the work I did pulling the string, (c) Compare your answer 
to part (b) with the particle’s gain in kinetic energy. 


section 4.2 Potential Energy and Conservative Forces 

4.5 ★ (a) Consider a mass m in a uniform gravitational field g, so that the force on m is mg, where g 
is a constant vector pointing vertically down. If the mass moves by an arbitrary path from point 1 to 
point 2, show that the work done by gravity is W grav (l — > 2) = —mgh where h is the vertical height 
gained between points 1 and 2. Use this result to prove that the force of gravity is conservative (at least 
in a region small enough so that g can be considered constant), (b) Show that, if we choose axes with 
y measured vertically up, the gravitational potential energy is U — mgy (if we choose U = 0 at the 
origin). 

4.6 ★ For a system of N particles subject to a uniform gravitational field g acting vertically down, prove 
that the total gravitational potential energy is the same as if all the mass were concentrated at the center 
of mass of the system; that is, 


U = Y J U a = MgY 

a 


where M = J2m a is the total mass and R — (X, F, Z) is the position of the CM, with the y coordinate 
measured vertically up. [Hint: We know from Problem 4.5 that U a = m a gy a .] 

4.7 ★ Near to the point where I am standing on the surface of Planet X, the gravitational force on a 
mass m is vertically down but has magnitude myy 2 where y is a constant and y is the mass’s height 
above the horizontal ground, (a) Find the work done by gravity on a mass m moving from to r 2 , and 
use your answer to show that gravity on Planet X, although most unusual, is still conservative. Find the 
corresponding potential energy, (b) Still on the same planet, I thread a bead on a curved, frictionless, 
rigid wire, which extends from ground level to a height h above the ground. Show clearly in a picture 
the forces on the bead when it is somewhere on the wire. (Just name the forces so it’s clear what they 
are; don’t worry about their magnitude.) Which of the forces are conservative and which are not? (c) If 
I release the bead from rest at a height h, how fast will it be going when it reaches the ground? 

4.8 ★★ Consider a small frictionless puck perched at the top of a fixed sphere of radius R. If the puck 
is given a tiny nudge so that it begins to slide down, through what vertical height will it descend before 
it leaves the surface of the sphere? [Hint: Use conservation of energy to find the puck’s speed as a 
function of its height, then use Newton’s second law to find the normal force of the sphere on the puck. 
At what value of this normal force does the puck leave the sphere?] 

4.9 ★★ (a) The force exerted by a one-dimensional spring, fixed at one end, is F = —kx, where x is the 
displacement of the other end from its equilibrium position. Assuming that this force is conservative 
(which it is) show that the corresponding potential energy is U = \kx 2 , if we choose U to be zero at 
the equilibrium position, (b) Suppose that this spring is hung vertically from the ceiling with a mass m 
suspended from the other end and constrained to move in the vertical direction only. Find the extension 
v 0 of the new equilibrium position with the suspended mass. Show that the total potential energy (spring 
plus gravity) has the same form \ky 2 if we use the coordinate y equal to the displacement measured 
from the new equilibrium position at x = x 0 (and redefine our reference point so that U = 0 at y = 0). 
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section 4.3 Force as the Gradient of Potential Energy 

4.10 ★ Find the partial derivatives with respect to x, y, and z of the following functions: (a) / (x, y, z) = 
ax 2 + bxy + cy 2 , (b) g(x, y 9 z ) = sin (axyz 2 ), (c)h(x, y, z) = ae xy ^ 2 , where a, b , and c are constants. 
Remember that to evaluate df/dx you differentiate with respect to x treating y and z as constants. 

4.11 ★ Find the partial derivatives with respect to x, y 9 and z of the following functions: (a) /(x, y 9 z) = 
ay 2 + 2 byz + cz 2 , (b) g(x, y 9 z) = cos (axy 2 z 2 ), (c) h(x , y 9 z) = ar , where a, b, and c are constants 
and r — yj, x 2 + y 2 T z 2 . Remember that to evaluate df/dx you differentiate with respect to x treating 
y and z as constants. 

4.12 ★ Calculate the gradient V/ of the following functions, /(x, y 9 z): (a) / = x 2 + z 3 . (b) / = ky 9 
where k is a constant, (c) / = r = ^/x 2 -f y 2 + z 2 . [Hint: Use the chain rule.] (d) / = 1/r. 

4.13 ★ Calculate the gradient V/ of the following functions, /(x, y, z): (a) / = ln(r), (b) / = r n ', 
(c) / = g(r), where r = ^/x 2 + y 2 + z 2 and g(r) is some unspecified function of r. [//mr: Use the 
chain rule.] 

4.14 ★ Prove that if /(r) and g(r) are any two scalar functions of r, then 

V(/g) = /vg + gV/ 

4.15 ★ For /(r) = x 2 + 2y 2 -f 3z 2 , use the approximation (4.35) to estimate the change in / if we 
move from the point r = (1, 1, 1) to (1.01, 1.03, 1.05). Compare with the exact result. 

4.16 ★ If a particle’s potential energy is U (r) = k(x 2 -j- y 2 + z 2 ), where k is a constant, what is the 
force on the particle? 

4.17 ★ A charge q in a uniform electric field E 0 experiences a constant force F = qE 0 . (a) Show that this 
force is conservative and verify that the potential energy of the charge at position r is U (r) = —q E 0 • r. 
(b) By doing the necessary derivatives, check that F = — VC/. 

4.18 ★★ Use the property (4.35) of the gradient to prove the following important results: (a) The vector 
V/ at any point r is perpendicular to the surface of constant / through r. (Choose a small displacement 
dr that lies in a surface of constant /. What is df for such a displacement?) (b) The direction of V/ 
at any point r is the direction in which / increases fastest as we move away from r. (Choose a small 
displacement dr = eu, where u is a unit vector and c is fixed and small. Find the direction of u for 
which the corresponding df is maximum, bearing in mind that a • b = ab cos 6.) 

4.19 ★★ (a) Describe the surfaces defined by the equation / = const, where / = x 2 + 4y 2 . (b) Using 
the results of Problem 4.18, find a unit normal to the surface / = 5 at the point (1, 1, 1). In what direction 
should one move from this point to maximize the rate of change of /? 

section 4.4 The Second Condition that F be Conservative 

4.20 ★ Find the curl, V x F, for the following forces: (a) F = kr\ (b) F = (Ax, By 2 , Cz 3 ); (c) F = 
(Ay 2 , Bx, Cz), where A, B, C and k are constants. 

4.21 ★ Verify that the gravitational force — GMmr/r 2 on a point mass m at r, due to a fixed point mass 
M at the origin, is conservative and calculate the corresponding potential energy. 

4.22 ★ The proof in Example 4.5 (page 119) that the Coulomb force is conservative is considerably 
simplified if we evaluate V x F using spherical polar coordinates. Unfortunately, the expression for 
V x F in spherical polar coordinates is quite messy and hard to derive. However, the answer is given 
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inside the back cover, and the proof can be found in any book on vector calculus or mathematical 
methods. 15 Taking the expression inside the back cover on faith, prove that the Coulomb force F = 
yr/r 2 is conservative. 

4.23** Which of the following forces is conservative? (a) F = k(x, 2y, 3z) where k is a constant, 
(b) F = k(y, x, 0). (c) F = k(—y, x, 0). For those which are conservative, find the corresponding 
potential energy U, and verify by direct differentiation that F = —VU. 

4.24 ★★★ An infinitely long, uniform rod of mass /x per unit length is situated on the z axis, (a) Calculate 
the gravitational force F on a point mass m at a distance p from the z axis. (The gravitational force 
between two point masses is given in Problem 4.21.) (b) Rewrite F in terms of the rectangular 
coordinates (x, y, z) of the point and verify that V x F = 0. (c) Show that V x F = 0 using the 
expression for V x F in cylindrical polar coordinates given inside the back cover, (d) Find the 
corresponding potential energy U . 

4.25 ★** The proof that the condition V x F = 0 guarantees the path independence of the work 
F • dr done by F is unfortunately too lengthy to be included here. However, the following three 

exercises capture the main points: 16 (a) Show that the path independence of f x F • dr is equivalent to 
the statement that the integral F • dr around any closed path T is zero. (By tradition, the symbol § is 
used for integrals around a closed path — a path that starts and stops at the same point.) [Hint: For any 
two points 1 and 2 and any two paths from 1 to 2, consider the work done by F going from 1 to 2 along 
the first path and then back to 1 along the second in the reverse direction.] (b) Stokes’s theorem asserts 
that j) r F • dr = f (V x F) • n r/A, where the integral on the right is a surface integral over a surface for 
which the path T is the boundary, and n and d A are a unit normal to the surface and an element of area. 
Show that Stokes’s theorem implies that if V xF = 0 everywhere, then F • dr = 0. (c) While the 
general proof of Stokes’s theorem is beyond our scope here, the following special case is quite easy to 
prove (and is an important step toward the general proof): Let T denote a rectangular closed path lying 
in a plane perpendicular to the z direction and bounded by the lines x = B, x = B + b, y = C and 
y = C + c. For this simple path (traced counterclockwise as seen from above), prove Stokes’s theorem 
that 



• dr = 


/(V X F )-hdA 


where n = z and the integral on the right runs over the flat, rectangular area inside T. [Hint: The 
integral on the left contains four terms, two of which are integrals over x and two over y. If you 
pair them in this way, you can combine each pair into a single integral with an integrand of the form 
F x (x,C + c, z) — F x (x, C, z) (or a similar term with the roles of x and y exchanged). You can rewrite 
this integrand as an integral over y of dF x (x, y, z)/dy (and similarly with the other term), and you’re 
home.] 


section 4.5 Time-Dependent Potential Energy 

4.26 ★ A mass m is in a uniform gravitational field, which exerts the usual force F = mg vertically 
down, but with g varying with time, g = g(t). Choosing axes with y measured vertically up and defining 
U = mgy as usual, show that F = —VU as usual, but, by differentiating E = \mv 2 + U with respect 
to t , show that E is not conserved. 

15 See, for example, Mathematical Methods in the Physical Sciences by Mary Boas (Wiley, 1983), p. 435. 

16 For a complete discussion see, for example, Mathematical Methods, Boas, Ch. 6, Sections 8-11. 
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4.27 ★★ Suppose that the force F(r, t) depends on the time t but still satisfies V x F = 0. It is a 
mathematical fact (related to Stokes’s theorem as discussed in Problem 4.25) that the work integral 
/j F(r, t) *dr (evaluated at any one time t) is independent of the path taken between the points 1 
and 2. Use this to show that the time-dependent PE defined by (4.48), for any fixed time t , has the 
claimed property that F(r, t) = — Vt/(r, t). Can you see what goes wrong with the argument leading 
to Equation (4.19), that is, conservation of energy? 

section 4.6 Energy for Linear One-Dimensional Systems 

4.28 ★★ Consider a mass m on the end of a spring of force constant k and constrained to move along 
the horizontal x axis. If we place the origin at the spring’s equilibrium position, the potential energy 
is \kx 2 . At time t — 0 the mass is sitting at the origin and is given a sudden kick to the right so that 
it moves out to a maximum displacement at x max = A and then continues to oscillate about the origin, 
(a) Write down the equation for conservation of energy and solve it to give the mass’s velocity x in 
terms of the position x and the total energy E. (b) Show that E = \kA 2 , and use this to eliminate E 
from your expression for x. Use the result (4.58), t = f dx'/x (x'), to find the time for the mass to move 
from the origin out to a position x. (c) Solve the result of part (b) to give x as a function of t and show 
that the mass executes simple harmonic motion with period Injm/k. 

4.29 ★★ [Computer] A mass m confined to the x axis has potential energy U = kx 4 with k > 0. 
(a) Sketch this potential energy and qualitatively describe the motion if the mass is initially stationary 
at x = 0 and is given a sharp kick to the right at t = 0. (b) Use (4.58) to find the time for the mass to 
reach its maximum displacement x max = A. Give your answer as an integral over x in terms of m, A, 
and k. Hence find the period r of oscillations of amplitude A as an integral, (c) By making a suitable 
change of variables in the integral, show that the period r is inversely proportional to the amplitude A. 
(d) The integral of part (b) cannot be evaluated in terms of elementary functions, but it can be done 
numerically. Find the period for the case that m = k = A = 1. 

section 4.7 Curvilinear One-Dimensional Systems 

4.30 ★ Figure 4.25 shows a child’s toy, which has the shape of a cylinder mounted on top of a 
hemisphere. The radius of the hemisphere is R and the CM of the whole toy is at a height h above 
the floor, (a) Write down the gravitational potential energy when the toy is tipped to an angle 0 from 
the vertical. [You need to find the height of the CM as a function of 0. It helps to think first about the 
height of the hemisphere’s center O as the toy tilts.] (b) For what values of R and h is the equilibrium 
at 0 = 0 stable? 
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Figure 4.26 Problem 4.34 


4.31 * (a) Write down the total energy E of the two masses in the Atwood machine of Figure 4.15 in 
terms of the coordinate x and x. (b) Show (what is true for any conservative one-dimensional system) 
that you can obtain the equation of motion for the coordinate jc by differentiating the equation E = 
const. Check that the equation of motion is the same as you would obtain by applying Newton’s second 
law to each mass and eliminating the unknown tension from the two resulting equations. 

4.32 ★★ Consider the bead of Figure 4.13 threaded on a curved rigid wire. The bead’s position is 
specified by its distance 5, measured along the wire from the origin, (a) Prove that the bead’s speed v is 
just v = s. (Write v in terms of its components, dx/dt , etc., and find its magnitude using Pythagoras’s 
theorem.) (b) Prove that ms = F tang , the tangential component of the net force on the bead. (One way 
to do this is to take the time derivative of the equation v 2 = v • v. The left side should lead you to s and 
the right to F tang .) (c) One force on the bead is the normal force N of the wire (which constrains the 
bead to stay on the wire). If we assume that all other forces (gravity, etc.) are conservative, then their 
resultant can be derived from a potential energy U. Prove that F tang = ~dU/ds. This shows that one¬ 
dimensional systems of this type can be treated just like linear systems, with x replaced by s and F x 

by ^tang- 

4.33 ★★ [Computer] (a) Verify the expression (4.59) for the potential energy of the cube balanced on 
a cylinder in Example 4.7 (page 130). (b) Make plots of U ( 0 ) for b = 0.9 r and b = l.lr. (You may as 
well choose units such that r, m, and g are all equal to 1.) (c) Use your plots to confirm the findings 
of Example 4.7 concerning the stability of the equilibrium at 0 = 0. Are there any other equilibrium 
points and are they stable? 

4.34 ★★ An interesting one-dimensional system is the simple pendulum, consisting of a point mass m, 
fixed to the end of a massless rod (length /), whose other end is pivoted from the ceiling to let it swing 
freely in a vertical plane, as shown in Figure 4.26. The pendulum’s position can be specified by its angle 
0 from the equilibrium position. (It could equally be specified by its distance 5 from equilibrium — 
indeed s = l<fi —but the angle is a little more convenient.) (a) Prove that the pendulum’s potential energy 
(measured from the equilibrium level) is 

U (0) = mgl(l — cos0). , (4.101) 

Write down the total energy E as a function of 0 and 0. (b) Show that by differentiating your expression 
for E with respect to t you can get the equation of motion for 0 and that the equation of motion is just 
the familiar T = lot (where T is the torque, I is the moment of inertia, and a is the angular acceleration 
0). (c) Assuming that the angle 0 remains small throughout the motion, solve for 0(0 and show that 
the motion is periodic with period 


r 0 = 2 njlfg. 


(4.102) 
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Figure 4.27 Problem 4.36 


(The subscript “o” is to emphasize that this is the period for small oscillations.) 

4.35 ★★ Consider the Atwood machine of Figure 4.15, but suppose that the pulley has radius R and 
moment of inertia I. (a) Write down the total energy of the two masses and the pulley in terms of the 
coordinate x and x. (Remember that the kinetic energy of a spinning wheel is \I(jt) 2 .) (b) Show (what 
is true for any conservative one-dimensional system) that you can obtain the equation of motion for the 
coordinate x by differentiating the equation E = const. Check that the equation of motion is the same 
as you would obtain by applying Newton’s second law separately to the two masses and the pulley, and 
then eliminating the two unknown tensions from the three resulting equations. 

4.36 ★★ A metal ball (mass m) with a hole through it is threaded on a frictionless vertical rod. A 
massless string (length /) attached to the ball runs over a massless, frictionless pulley and supports a 
block of mass M, as shown in Figure 4.27. The positions of the two masses can be specified by the 
one angle 6. (a) Write down the potential energy U ( 6 ). (The PE is given easily in terms of the heights 
shown as h and H. Eliminate these two variables in favor of 0 and the constants b and /. Assume that 
the pulley and ball have negligible size.) (b) By differentiating U(6) find whether the system has an 
equilibrium position, and for what values of m and M equilibrium can occur. Discuss the stability of 
any equilibrium positions. 

4.37 ★★★ [Computer] Figure 4.28 shows a massless wheel of radius R, mounted on a frictionless, 
horizontal axle. A point mass M is glued to the edge of the wheel, and a mass m hangs from a string 
wrapped around the perimeter of the wheel, (a) Write down the total PE of the two masses as a function 
of the angle 0. (b) Use this to find the values of m and M for which there are any positions of equilibrium. 
Describe the equilibrium positions, discuss their stability, and explain your answers in terms of torques, 
(c) Plot U (0) for the cases that m = 0.7 M and m = 0.8M, and use your graphs to describe the behavior 
of the system if I release it from rest at 0 = 0. (d) Find the critical value of m/M on one side of which 
the system oscillates and on the other side of which it does not (if released from rest at 0 = 0). 

4.38 ★★★ [Computer] Consider the simple pendulum of Problem 4.34. You can get an expression for 
the pendulum’s period (good for large oscillations as well as small) using the method discussed in 
connection with (4.57), as follows: (a) Using (4.101) for the PE, find 0 as a function of 0. Next use 
(4.57), in the form t — J <70/0, to write the time for the pendulum to travel from 0 = 0 to its maximum 
value (the amplitude) <£>. Because this time is a quarter of the period r, you can now write down the 
period. Show that 
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Figure 4.28 Problem 4.37 


yj sin 2 (0/2) — sin 2 (0/2) 

where r 0 is the period (4.102) (Problem 4.34) for small oscillations and A = sin(d>/2). [To get the 
first expression you will need to use the trig identity for 1 — cos 0 in terms of sin (0/2). To get the 
second you need to make the substitution sin(0/2) = Au.] These integrals cannot be evaluated in 
terms of elementary functions. However, the second integral is a standard integral called the complete 
elliptic integral of the first kind , sometimes denoted K{A 2 ), whose values are tabulated 17 and are 
known to computer software such as Mathematica [which calls it EllipticK(A 2 )]. (b) If you have access 
to computer software that knows this function, make a plot of r/r 0 for amplitudes 0 < d> < 3 rad. 
Comment. What becomes of r as the amplitude of oscillation approaches 7r? Explain. 

4.39 ★★★ (a) If you have not already done so, do Problem 4.38(a). (b) If the amplitude O is small 
then so is A — sin <$>/2. If the amplitude is very small, we can simply ignore the last square root in 
(4.103). Show that this gives the familiar result for the small-amplitude period, x — x 0 = Ixc^/l/g. 
(c) If the amplitude is small but not very small, we can improve on the approximation of part (b). Use 
the binomial expansion to give the approximation 1/Vl — A 2 u 2 ~ 1 + \A 2 u 2 and show that, in this 
approximation, (4.103) gives 



2 C 

*0 ~ / 

7T Jo 


du 


Vl — u 2 \/1 — A 2 u 2 


(4.103) 


r = r 0 [l + | sin 2 (<t>/2)]. 

What percentage correction does the second term represent for an amplitude of 45° ? (The exact answer 
for <£> = 45° is 1.040 r 0 to four significant figures.) 

section 4.8 Central Forces 

4.40 ★ (a) Verify the three equations (4.68) that give x, y, z in terms of the spherical polar coordinates 
r, 0, 0. (b) Find expressions for r, 0, 0 in terms of x, y, z. 


1 1 

See, for example, M.Abramowitz and I.Stegun, Handbook of Mathematical Functions, Dover, New York, 
1965. Be warned that different authors use different notations. In particular, some authors call the exact same 
integral /£(A). 
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Figure 4.29 Problem 4.44 


4.41 ★ A mass m moves in a circular orbit (centered on the origin) in the field of an attractive central 
force with potential energy U = kr n . Prove the virial theorem that T — nU/ 2. 

4.42 ★ In one dimension, it is obvious that a force obeying Hooke’s law is conservative (since F = —kx 
depends only on the position jc, and this is sufficient to guarantee that F is conservative in one 
dimension). Consider instead a spring that obeys Hooke’s law and has one end fixed at the origin, 
but whose other end is free to move in all three dimensions. (The spring could be fastened to a point in 
the ceiling and be supporting a bouncing mass m at its other end, for instance.) Write down the force 
F(r) exerted by the spring in terms of its length r and its equilibrium length r Q . Prove that this force is 
conservative. [Hints: Is the force central? Assume that the spring does not bend.] 

4.43 ★★ In Section 4.8, 1 claimed that a force F(r) that is central and spherically symmetric is automati¬ 
cally conservative. Here are two ways to prove it: (a) Since F(r) is central and spherically symmetric, it 
must have the form F(r) = f(r) r. Using Cartesian coordinates, show that this implies that V xF = 0. 
(b) Even quicker, using the expression given inside the back cover for V x F in spherical polars, show 
that V x F = 0. 

4.44 ★★ Problem 4.43 suggests two proofs that a central, spherically symmetric force is automatically 
conservative, but neither proof makes really clear why this is so. Here is a proof that is less complete but 
more insightful: Consider any two points A and B and two different paths ACB and ADB connecting 
them as shown in Figure 4.29. Path ACB goes radially out from A until it reaches the radius r B of B, 
and then around a sphere (center O) to B. Path ADB goes around a sphere of radius r A until it reaches 
the line OB , and then radially out to B. Explain clearly why the work done by a central, spherically 
symmetric force F is the same along both paths. (This doesn’t prove that the work is the same along 
any two paths from A to B. If you want you can complete the proof by showing that any path can be 
approximated by a series of paths moving radially in or out and paths of constant r.) 

4.45 ★★ In Section 4.8, 1 proved that a force F(r) = /(r)r that is central and conservative is automat¬ 
ically spherically symmetric. Here is an alternative proof: Consider the two paths ACB and ADB of 
Figure 4.29, but with r B =r A + dr where dr is infinitesimal. Write down the work done by F(r) going 
around both paths, and use the fact that they must be equal to prove that the magnitude function /(r) 
must be the same at points A and D ; that is, /(r) = /(r) and the force is spherically symmetric. 
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section 4.9 Energy of Interaction of Two Particles 

4.46 ★ Consider an elastic collision of two particles as in Example 4.8 (page 143), but with unequal 
masses, mj =£ m 2 . Show that the angle 0 between the two outgoing velocities satisfies 0 < n /2 if 
m x > m 2 , but 0 > nil if m x < ra 2 . 

4.47 ★ Consider a head-on elastic collision between two particles. (Since the collision is head-on, the 
motion is confined to a single straight line and is therefore one-dimensional.) Prove that the relative 
velocity after the collision is equal and opposite to that before. That is, v x — v 2 = ~(v[ — t> 2 ), where 
v x and v 2 are the initial velocities and v' and v' 2 the corresponding final velocities. 

4.48 ★ A particle of mass m x and speed iq collides with a second particle of mass m 2 at rest. If the 
collision is perfectly inelastic (the two particles lock together and move off as one) what fraction of the 
kinetic energy is lost in the collision? Comment on your answer for the cases that m x m 2 and that 
m 2 m x . 

4.49 ★★ Both the Coulomb and gravitational forces lead to potential energies of the form U = y/\r x — 
r 2 ], where y denotes kq x q 2 in the case of the Coulomb force and —Gm x m 2 for gravity, and r x and r 2 
are the positions of the two particles. Show in detail that —V X U is the force on particle 1 and — V 2 U 
that on particle 2. 

4.50 ★★ The formalism of the potential energy of two particles depends on the claim in (4.81) that 


v i U (r x - r 2 ) = -V 2 [/(fj - r 2 ). 


Prove this. (Use the chain rule for differentiation. The proof in three dimensions is notationally 
awkward, so prove the one-dimensional result that 

- x 2 ) - I - x 2 ) 

uX x OX 2 

and then convince yourself that it extends to three dimensions.) 

section 4.io The Energy of a Multiparticle System 

4.51 ★★ Write out the arguments of all the potential energies of the four-particle system in (4.94). 
For instance U = U (iq, r 2 , • • •, r 4 ), whereas C/ 34 = f/ 34 (r 3 — r 4 ). Show in detail that the net force on 
particle 3 (for instance) is given by — V 3 U. [You know that the separate forces, internal and external, 
are given by (4.92) and (4.93).] 

4.52 ★★ Consider the four-particle system of Section 4.10. (a) Write down the work-KE theorem for 
each of the four particles separately and, by adding these four equations, show that the change in the 
total KE in a short time interval dt is dT = W tot where W tot is the total work done on all particles by 
all forces. [This shouldn’t take more than two or three lines.] (b) Next show that W tot = — dU where 
dU is the change in total PE during the same time interval. Deduce that the total mechanical energy 
E = T + U is conserved. 

4.53 ★★ (a) Consider an electron (charge — e and mass m ) in a circular orbit of radius r around a fixed 
proton (charge -ye). Remembering that the inward Coulomb force ke 2 /r 2 is what gives the electron its 
centripetal acceleration, prove that the electron’s KE is equal to — \ times its PE; that is, T = — \ U and 
hence E ~ \U. (This result is a consequence of the so-called virial theorem. See Problem 4.41.) Now 
consider the following inelastic collision of an electron with a hydrogen atom: Electron number 1 is in 
a circular orbit of radius r around a fixed proton. (This is the hydrogen atom.) Electron 2 approaches 
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from afar with kinetic energy T 2 . When the second electron hits the atom, the first electron is knocked 
free, and the second is captured in a circular orbit of radius r. (b) Write down an expression for the 
total energy of the three-particle system in general. (Your answer should contain five terms, three PEs 
but only two KEs, since the proton is considered fixed.) (c) Identify the values of all five terms and the 
total energy E long before the collision occurs, and again long after it is all over. What is the KE of the 
outgoing electron 1 once it is far away? Give your answers in terms of the variables T 2 , r , and r'. 


